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AsstrACT. In this paper, we introduce the concepts of almost (m, n)-quasi-ideals and fuzzy almost (m, n)-
quasi-ideals of semigroups. The basic properties of those ideals are investigated. Furthermore, we provide
the relationships between almost (m, n)-quasi-ideals and their fuzzifications. Eventually, the minimality,
prime and semiprime are examined in such relationships.
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1. INTRODUCTION AND PRELIMINARIES

The notion of quasi-ideals of semigroups have been introduced and studied by Steinfeld [7] in 1956.
He defined a quasi-ideal of a semigroup S to be a nonempty subset () of S if whenever SQ N QS C Q.
Afterwards, Ansari, Khan and Kaushik [1] gave the generalization of quasi-ideals namely (m,n)-
quasi-ideals where m and n are positive integers. A nonempty subset ) of a semigroup S is an
(m,n)-quasi-ideal of S if S™Q N QS™ C Q. So that a quasi-ideal of a semigroup S is a (1,1)-quasi-ideal
of S. Besides, the concept of (m, n)-quasi-ideals have also been examined in other structures such as in
rings [3], in LA-semigroups [4], etc.

In 1965, Zadeh [9] first introduced the fundamental fuzzy set concept. Later, the fuzzy sets are
applied in various fields, especially in mathematics. We say that f is a fuzzy subset of a set S'if f is a

function from S into the closed interval [0, 1]. For any two fuzzy subsets f and g of S,
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1. fNgisatfuzzy subset of S defined by

(fNg)(z) =min{f(z),g9(z)} forallz € S.

2. fUgis afuzzy subset of S defined by
(fUg)(z) =max{f(z),g(x)} forallz € S.

3. fCygif f(x) <g(z)forallz € S.

For a fuzzy subset f of S, the support of f is defined by

supp(f) = {z € S| f(x) # 0}.
The characteristic mapping of a subset A of S is a fuzzy subset of S defined by

1 ifxz € A,
Ca(z) =

0 otherwise.
Note that the semigroup S can be considered as a fuzzy subset of itself because S(z) = Cs(x) = 1 for
all z € S. In 1980, Pu and Liu [6] gave the definition of fuzzy points. Let S be a nonempty set. For
xz € Sand «a € (0,1], a fuzzy point x, of S is a fuzzy subset of S defined by for any y € S,

a ify=ux,

Lo (?/) =
0 otherwise.

Let F'(S) be the set of all fuzzy subsets of a semigroup S. For each f, g € F'(S), a fuzzy subset f o g of
S is called a product of f and g defined by for any = € 5,

sup {min{f(a),g(b)}} ifz = abfor somea,b € S,
(f 0 9)(z) = § o=t

0 otherwise.
It follows that F'(.S) is a semigroup with the product o. An introductory definition of left, right, two-
sided almost ideals of semigroups were launched in 1980 by Grosek and Satko [5]. In 1981, the concepts
of almost ideals and bi-ideals of semigroups were used to define almost bi-ideals in semigroups by
Bogdanovic [2]. Likewise, Wattanatripop, Chinram and Changphas examined some properties of
almost quasi-ideals (quasi-A-ideals) of semigroups in [10]. Furthermore, they investigated the fuzzy
almost ideals of semigroups and gave the relationships between almost ideals of semigroups and thier
fuzzifications. Next, the almost (m, n)-ideals and fuzzy almost (m, n)-ideals of semigroups have been
introduced and studied in the same manner by Suebsung, Wattanatripop and Chinram in [&].

The aim of this paper is to introduce the concepts of almost (m, n)-quasi-ideals and the concept of

fuzzy almost (m, n)-quasi-ideals of semigroups. We provide their basic properties and the relationships

between them. Eventually, the minimality, prime and semiprime are examined in those relationships.
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2. ALMoOsT (M, n)-QUASI-IDEALS

First of all, the definition of almost (m, n)-quasi-ideals of semigroups is presented by using the
concepts of (m, n)-ideals in [1] and almost ideals in [16]. Throughout this paper, let m,n € N where N

denote the set of all positive integers.

Definition 2.1. Let S be a semigroup. A nonempty subset A of S is called an almost (m, n)-quasi-ideal of S if
A"sNsA"NA#Dforall s € S.

Remark 2.1. The following statements hold.

(1) Analmost (1, 1)-ideal of a semigroup S is an almost quasi-ideal of S which were defined in [15].

(2) Every (m,n)-quasi-ideal of a semigroup S is an almost (m, n)-quasi-ideal of S. This means that the
almost (m, n)-quasi-ideals are the generalization of the (m, n)-quasi-ideals of semigroups.

(3) Consider the semigroup Zg under usual addition. Then A = {1,4,5} is a (1, 1)-quasi-ideal of Z¢ but A
is not a subsemigroup of Ze. Therefore, an almost (m, n)-quasi-ideal of a semigroup S need not be a

subsemigroup of S and need not be an (m, n)-quasi-ideal of S.

Proposition 2.1. If A is an almost (m, n)-quasi-ideal of a semigroup S, then every subset H of S such that

A C H is an almost (m, n)-quasi-ideal of S.

Proof. Assume that A is an almost (m, n)-quasi-ideal of S and H is a subset of S such that A C H.
We obtain that ) # AMsNsA"N A C H™sNsH" N H for all s € S. Therefore, H is an almost

(m, n)-quasi-ideal of S. O

Corollary 2.1. The union of two almost (m, n)-quasi-ideals of a semigroup S is an almost (m, n)-quasi-ideal of
S.

Proof. Let A; and A; be any two almost (m, n)-quasi-ideals of S. Since A;, Ay C A; U Ay, theset A; UA,

is an almost (m, n)-quasi-ideal of S by Proposition 2.1. O

From Corollary 2.1, of course, it is easy to see that if A; or Aj is an almost (m, n)-quasi-ideal of a
semigroup S, then the result is still true. Nevertheless, if we consider in case of the intersection instead

of the union, then the statement of Corollary 2.1 is not true as shown in the following example.

Example 2.1. Consider the semigroup Zs under the usual addition. We have Ay = {1,4,5} and Ay = {1,2,5}
are almost (1,1)-quasi-ideals of Zg but Ay N Ay = {1,5} is not an almost (1,1)-quasi-ideal of Zg.

Theorem 2.1. Let S be a semigroup such that |S| > 1. A semigroup S has no proper almost (m, n)-quasi-ideal
if and only if for any a € S there exists s, € S such that (S \ {a})™sq N sq(S ~ {a})" = {a}.
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Proof. Assume that S has no proper almost (m, n)-quasi-ideal and let a € S. Then S \ {a} is not an
almost (m, n)-quasi-ideal of S. This implies that there exists s, € S such that [(S \ {a})™sq N sa(S ~
{a})"] N (S~ {a}) = 0. Therefore, we obtain that (S \ {a})™s, N s4(S \ {a})" = {a}.
Conversely, let a € S. Thus there exists s, € S such that (S \ {a})™s, N s4,(S \ {a})" = {a}. This
implies that
(S~ A{a})™sa N sa(S N {a})"] N (SN {a}) = 0.

Hence, S\ {a} is not an almost (m, n)-quasi-ideal of S for all € S. Suppose that S has a proper almost
(m,n)-quasi-ideal B of S. Then B C S \ {d} for some a’ € S. So, we have that S \ {d'} is also an
almost (m, n)-quasi-ideal of S by Proposition 2.1. This is a contradiction. Therefore, S has no proper

almost (m, n)-quasi-ideal. O

Theorem 2.2. Let S be a semigroup such that |S| > land a € S. If S\ {a} is not an almost (m, n)-quasi-ideal
of S, then at least one of the following statements is true.

(1) a=amtl.

(2) a=a™ "t

(3) a = gmimt1)+1

Proof. Assume that S\ {a} is not an almost (m, n)-quasi-ideal of S. By Theorem 2.1, there exists s, € S

such that (S \ {a})"sq N sq (S~ {a})" = {a}.

Case 1: s, # a. Then s, € S\ {a}. We obtain that (s,)™s, = 54(54)" = a. Suppose that a # a™*!. This
implies that a™*! € S\ {a}. Since (a™*1)™s, = s,(a™*1)", we have that (¢ 1)™s, € (S~ {a})™s, N

sa(S~ {a})"™. Hence, a = (a™*1)™s,.

Case 1.1: If a™° sq = a, then

which is a contradiction.

Case 1.2: If am2sa # a, then am23a € S~ {a}. Thus
(@™ sq)"sq = a.

This implies that

m2 3 m3+1

a=(a""54)"sq=0a" (84)"8a =a

Case2: s, = a.Suppose thata # a™!. Thusa™"! € S\ {a}. Wehave that (a™"1)™s, = s,(a™1)" = a.

Therefore,

a = (am-i—l)ma _ am(m—i—l)—i—l.
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Corollary 2.2. Let S be a semigroup such that |S| > 1and a € S. If S \ {a} is not an almost quasi-ideal of S,

then a = a2 or a = a®.

Proof. The proof is completed by choosing m = 1 in Theorem 2.2. O

3. Fuzzy ALMOST (m, n)-QUASI-IDEALS

In this section, we define and investigate the fuzzy almost (m,n)-quasi-ideals and provide the
relationships between fuzzy almost (m, n)-quasi-ideals and almost (m, n)-quasi-ideals. Let f be a fuzzy

subset and z,, be a fuzzy point of a semigroup S. For k € N, let f¥ := fo fo...of.
—

k times

Proposition 3.1. Let f, g and h be fuzzy subsets of S.

(1) If f C g, then f™ C g" foralln € NU {0}.
(2) If fC g, then fohCgohandho f Chog.
B)IffCgthen fNnhCgnhand hNf ChNyg.

Proof. The proof is straightforward. O

Definition 3.1. A fuzzy subset f of a semigroup S is called a fuzzy almost (m, n)-quasi-ideal of S if
(f™oxa) N (zao ff)Nf#0

for any fuzzy point x of S.

This implies that f is a fuzzy almost (m, n)-quasi-ideal of S if for all fuzzy point z,, of S, there exists

y € Ssuch that [(f™ oxq) N (xao f) N fl(y) # 0.

Proposition 3.2. Let f be a fuzzy almost (m, n)-quasi-ideal of S and g be a fuzzy subset of S such that f C g.
Then g is a fuzzy almost (m, n)-quasi-ideal of S.

Proof. Assume that f is a fuzzy almost (m, n)-quasi-ideal of S and g is a fuzzy subset of S such that

[ C g. Let z, be a fuzzy point of S. We obtain
07 (f™oxa) N (zaof") N[ C (9" 0xa) N (za0g”)Nyg.

Therefore, g is a fuzzy almost (m, n)-quasi-ideal of S. O

Corollary 3.1. Let f and g be fuzzy almost (m, n)-quasi-ideals of S. Then f U g is a fuzzy almost (m, n)-quasi-
ideal of S.

Proof. Since f,g C f U g and by Proposition 3.2, we have f U g is a fuzzy almost (m, n)-quasi-ideal of
S. O
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It is clear that the statement of Corollary 3.1 is still true if f or g is a fuzzy almost (m, n)-quasi-ideal
of S.

Example 3.1. Consider the semigroup Ze under the usual addition. Define f : Zs — [0,1] by
f(0)=0,f(1)=0.2,f(2)=0,f(3)=0,f(4) =0.5, f(5) = 0.3

and define g : Z¢ — [0, 1] by
g(0) =0,9(1) =0.8,¢9(2) = 0.4,9(3) = 0,9(4) = 0,¢(5) = 0.3.

We have f and g are fuzzy almost (1,1)-quasi-ideals of Ze but f N g is not a fuzzy almost (1,1)-quasi-ideal of Zg.

Example 3.1 implies that, in general, the intersection of two fuzzy almost (m, n)-quasi-ideals of S

need not be a fuzzy almost (m, n)-quasi-ideal of S.
Lemma 3.1. Let A be a subset of S andn € NU{0}. Then (C4)" = Cyn.
Proof. The proof is straightforward. O

Theorem 3.1. Let A be a nonempty subset of a semigroup S. Then A is an almost (m, n)-quasi-ideal of S if and
only if C4 is a fuzzy almost (m, n)-quasi-ideal of S.

Proof. Assume that A is an almost (m, n)-quasi-ideal of S. Then A”sNsA" N A # () forall s € S. Let
s € Sand a € (0,1]. Thus there exists x € A™sNsA™ N A. So

[(Cam 084) N (Sq 0 Cyn) N Cyal(x) # 0.
By Lemma 3.1, we obtain
[((Ca)™ 0 5a) N (sa 0 (Ca)") N Cal(z) # 0.

Hence, Cy is a fuzzy almost (m, n)-quasi-ideal of S.

Conversely, suppose that C4 is a fuzzy almost (m, n)-quasi-ideal of S. Let s € S and « € (0, 1]. Thus
((Ca)™ 0 50) N (500 (Ca)") N Ca #0.
Then there exists = € S such that
[((Ca)™ 0 8a) N (80 0 (Ca)"™) N Cal(x) # 0.

By Lemma 3.1, we have
[(Cam 0 84) N (8q0Cyn) N Cyl(x) #0.

Therefore, x € A™sNsA™NA. Eventually, A”sNsA" N A # () and then A is an almost (m, n)-quasi-ideal
of S. 0
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Theorem 3.2. Let f be a fuzzy subset of S. Then f is a fuzzy almost (m,n)-quasi-ideal of S if and only if
supp(f) is an almost (m, n)-quasi-ideal of S.

Proof. Assume that f is a fuzzy almost (m, n)-quasi-ideal of S. Let z € S. Then for any a € (0, 1}, we

have
(fMoxa) N (xqo ff)N f#0.
Thus there exists y € S such that

(/™ owa) N (za o f) N fl(y) # 0.

So f(y) #0and y = a1as - - - apx = xb1bs - - - by, for some ay, ag, ..., am,b1,be, ..., b, € S such that

f(a'l)#oaf(a@)#():7f(am)7£07f(bl)#va(b2)7é07af(bn)#o

This implies that a1, az, ..., am, b1, b2, ..., by, y € supp(f). Thus

[((Csupp(f))m o xa) N (xoc © (Csupp(f))n)](y) 7é 0 and Csupp(f) (y) 7é 0.

Hence,
[((Csupp(f))m © .%'a) N (1’0( © (Csupp(f)>n) N Csupp(f)](y) 7é 0.
So, Cyupp(f) is a fuzzy almost (m, n)-quasi-ideal of S. By Theorem 3.1, supp(f) is an almost (m,n)-
quasi-ideal of S.
Conversely, assume that supp(f) is an almost (m, n)-quasi-ideal of S. By Theorem 3.1, Cy,pp( sy is @

fuzzy almost (m, n)-quasi-ideal of S. Let z, be a fuzzy point of S. Then

((Coupp(r))™ © Ta) N (Ta © (Coupp(r))"™) N Csupp() # 0-

Thus there exists y € S such that

[((Csupp(f))m o .%'a) N (wOé o (Csupp(f)>n) N Csupp(f)](y) 7é 0.

Hence,

[((Csupp(f))m © xa) N (xoé © (Csupp(f))n)](y) 7é 0 and Csupp(f) (y) 7£ 0.
Then there exist ay,ag, ..., am, b1,ba,..., b, € supp(f) and y = ajag - - - amz = xbibs - - - b,. We obtain
that

fy) #0, flar) #0, f(az) #0,..., flam) # 0, f(b1) # 0, f(ba) #0,..., f(by) # 0.
Therefore,
[(f™ o zq) N (zq o fM)](y) # 0.
This implies that
[(f™oza) N (zao f) N fl(y) # 0.

Therefore, f is a fuzzy almost (m, n)-quasi-ideal of S. O
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3.1. Minimal almost (m,n)-quasi-ideals and minimal fuzzy almost (m, n)-quasi-ideals. In this
subsection, the relationship between minimal almost (m, n)-quasi-ideals and minimal fuzzy almost

(m, n)-quasi-ideals is presented.

Definition 3.2. A fuzzy almost (m,n)-quasi-ideal f is said to be minimal if for all nonzero fuzzy almost

(m, n)-quasi-ideals g of S such that g C f, we have supp(f) = supp(g).

Theorem 3.3. Let A be a nonempty subset of a semigroup S. Then A is a minimal almost (m, n)-quasi-ideal of

S if and only if C s is a minimal fuzzy almost (m, n)-quasi-ideal of S.

Proof. Assume that A is a minimal almost (m, n)-quasi-ideal of S. By Theorem 3.1, C4 is a fuzzy almost
(m, n)-quasi-ideal of S. Let f be a fuzzy almost (m, n)-quasi-ideal of S such that f C C4. It follows that
supp(f) C supp(Ca) = A. Hence, supp(f) is an almost (m, n)-quasi-ideal of S by Theorem 3.2. Since A
is minimal, supp(f) = A = supp(C4). Therefore, C4 is minimal.

Conversely, suppose that C4 is a minimal fuzzy almost (m, n)-quasi-ideal of S. Let B be an almost
(m, n)-quasi-ideal of S such that B C A. Then Cp is a fuzzy almost (m, n)-quasi-ideal of S such that
Cp C C4. Thus B = supp(Cp) = supp(C4) = A. Hence, A is minimal. O

Corollary 3.2. A semigroup S has no proper almost (m,n)-quasi-ideal if and only if for all fuzzy almost
(m, n)-quasi-ideal f of S, supp(f) = S.

Proof. The proof of this corollary follows by Theorem 3.3. O

3.2. Prime almost (m, n)-quasi-ideals and prime fuzzy almost (m, n)-quasi-ideals. In this subsection,
we focus on the relationship between prime almost (1, n)-quasi-ideals and prime fuzzy almost (m, n)-

quasi-ideals.

Definition 3.3. Let S be a semigroup.
(1) Analmost (m,n)-quasi-ideal A of S is called prime if for all z,y € S,

xy € Aimpliesx € Aory € A.
(2) A fuzzy almost (m,n)-quasi-ideal f of S is called prime if for all x,y € S,
flay) < max{f(z), f(y)}-

Theorem 3.4. Let A be a nonempty subset of a semigroup S. Then A is a prime almost (m, n)-quasi-ideal of S

if and only if C 4 is a prime fuzzy almost (m, n)-quasi-ideal of S.

Proof. Assume that A is a prime almost (m, n)-quasi-ideal of S. By Theorem 3.1, we obtain that C'4 is a
fuzzy almost (m, n)-quasi-ideal of S. Let z,y € S. We consider into two cases:

Casel: zy € A. Thenx € Aory € A. Hence, Ca(zy) <1 =max{Ca(z),Ca(y)}.
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Case 2: zy ¢ A. Thus Cx(zy) = 0 < max{Ca(z),Ca(y)}.
Therefore, C4 is a prime fuzzy almost (m, n)-quasi-ideal of S.

Conversely, suppose that Cy is a prime fuzzy almost (m, n)-quasi-ideal of S. By Theorem 3.1, we
have that A is an almost (m, n)-quasi-ideal of S. Let z,y € S be such that vy € A. Then C4(zy) = 1, and
it follows that C'4 (zy) < max{Ca(x),Ca(y)}. Hence, we obtain max{Cy(x),Ca(y)} = 1. Consequently,

xz € Aory € A. Therefore, A is a prime almost (m, n)-quasi-ideal of S. O

3.3. Semiprime almost (m, n)-quasi-ideals and semiprime fuzzy almost (m, n)-quasi-ideals. In this
subsection, the relationship between semiprime almost (m, n)-quasi-ideals and semiprime fuzzy almost

(m, n)-quasi-ideals is given.

Definition 3.4. Let S be a semigroup.

(1) Analmost (m,n)-quasi-ideal A of S is said to be semiprime if for all x € S,
x% € Aimplies x € A.
(2) A fuzzy almost (m, n)-quasi-ideal f of S is said to be semiprime if for all x € S,
f(a?) < f(x).

From Definitions 3.3 and 3.4, we see that every prime almost (m, n)-quasi-ideal of semigroups is
semiprime almost (m, n)-quasi-ideal, and every prime fuzzy almost (m, n)-quasi-ideal of semigroups

is semiprime fuzzy almost (m, n)-quasi-ideal.

Theorem 3.5. Let A be a nonempty subset of a semigroup S. Then A is a semiprime almost (m, n)-quasi-ideal

of S if and only if C 4 is a semiprime fuzzy almost (m, n)-quasi-ideal of S.

Proof. Assume that A is a semiprime almost (m, n)-quasi-ideal of S. We gain that C4 is a fuzzy almost
(m, n)-quasi-ideal of S by Theorem 3.1. Let « € S. We consider into two cases:
Case 1: 22 € A. Then = € A. Thus Ca(2?) <1 = Ca(x).
Case 2: 22 ¢ A. Thus Cy(2?) = 0 < Ca(x).
Therefore, C4 is a semiprime fuzzy almost (m, n)-quasi-ideal of S.

Conversely, suppose that C4 is a semiprime fuzzy almost (m, n)-quasi-ideal of S. By Theorem 3.1, A
is an almost (m, n)-quasi-ideal of S. Let z € S be such that z? € A. Then C4(z?) = 1. By assumption,
we have C4(2%) < Cy(z). It follows that Ca(x) = 1,s0 z € A. Therefore, A is a semiprime almost

(m, n)-quasi-ideal of S. O

4. CONCLUSIONS

In this paper, we have introduced the concepts of almost (m, n)-quasi-ideals and the concept of fuzzy

almost (m, n)-quasi-ideals of semigroups. As the results, we obtained that those ideals preserve the
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basic properties in semigroups. In addition, we found that if A is a nonempty subset of a semigroup
S, then A is a (minimal/prime/semiprime) almost (m,n)-quasi-ideal of S if and only if Cy is a

(minimal/prime/semiprime) fuzzy almost (m, n)-quasi-ideal of S.
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