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ABSTRACT
An element a of a semigroup S is called left [right] magnifying if there
exists a proper subset M of S such that S ¼ aM [S ¼ Ma]. Let P(X) be a
semigroup of all partial transformations on a set X under the composition
of maps. A number of results concerning the necessary and sufficient con-
ditions for elements in some interesting generalized semigroups of partial
transformations to be left or right magnifiers are presented.
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1. Introduction and preliminary

The notions of left and right magnifying elements of semigroups were introduced by Ljapin in
[10]. An element a of a semigroup S is called left [right] magnifying if there exists a proper sub-
set M of S such that S ¼ aM ½S ¼ Ma�: Some research of magnifying elements in semigroups can
be seen in [1–9, 11–13]. In [1], Catino and Migliorini gave necessary and sufficient conditions for
any semigroups to contain left and right magnifying elements. In [11], Magill, Jr. investigated
necessary and sufficient conditions for elements in the transformation semigroup T(X) to be left
or right magnifying and applied those conditions for elements in linear transformation semi-
groups and in semigroups of all continuous selfmaps to be left or right magnifying. Next, Gutan
verified about the semigroups with strong and non-strong magnifying elements in [7] and after
that he found that every semigroups containing magnifying elements is factorizable in [5].
Furthermore, Gutan also studied about the semigroups with magnifiers admitting minimal subse-
migroup in [6] and after that he and Kisielewicz investigated about semigroups with good and
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bad magnifying in [8]. It is well-known that TðXÞ ¼ ff : X ! Xjf is a functiong is a semigroup
under the composition of functions and it is called the full transformation semigroup on a set X.
Transformation semigroups play an important role in semigroup theory since it is well-known
that every semigroup is isomorphic to a subsemigroup of a suitable full transformation semi-
group. Recently, necessary and sufficient conditions for elements in some generalized full trans-
formation semigroups to be left or right magnifying were given in [2–4]. These are our
motivation to do this research.

Let P(X) be the partial transformation semigroup on a set X, that is, P(X) is the set of all func-
tions from a subset of X to a set X under the composition of functions. Throughout this paper,
we write functions from the right, ðxÞf rather than f(x), and compose from the left to the right,
ðxÞðfgÞ rather than ðg � f ÞðxÞ for the elements f, g in the partial transformation semigroup P(X)
and x 2 X: Let Y be a fixed subset of a set X. Let

PðX,YÞ ¼ ff 2 PðXÞjran f � Yg,
VðX,YÞ ¼ ff 2 PðXÞjðYÞf � Yg

and

SðX,YÞ ¼ ff 2 PðXÞjðYÞf � Y and ðX n YÞf � X n Yg:
Note that: PðX,YÞ,VðX,YÞ and S(X, Y) are subsemigroups of P(X). If Y¼X, we have that
PðX,YÞ ¼ VðX,YÞ ¼ SðX,YÞ ¼ PðXÞ: Then PðX,YÞ,VðX,YÞ and S(X, Y) are generalizations of
the partial transformation semigroups. PðX,YÞ,VðX,YÞ and S(X, Y) are called the semigroup of
partial transformations with restricted range, the semigroup of partial transformations with
invariant set and the semigroup of partial transformations preserving partitions, respectively.

Our aim in this paper is to give the necessary and sufficient conditions for elements in semi-
groups PðX,YÞ,VðX,YÞ and S(X, Y) to be left or right magnifying.

2. Magnifying elements in semigroups of partial transformations with
restricted range

In this section, we investigate about the necessary and sufficient conditions for elements in
P(X, Y) to be left and right magnifying.

2.1. Right magnifying elements

Lemma 1. If f is a right magnifying element in P(X, Y), then f is onto a set Y.

Proof. Assume that f is a right magnifying element in P(X, Y). Then there exists a proper subset
M of P(X, Y) such that Mf ¼ PðX,YÞ: Since idY 2 PðX,YÞ, there exists a function h 2 M such
that hf ¼ idY. This implies that f is onto a set Y. w

Lemma 2. Let f 2 PðX,YÞ be onto a set Y.

1. If ðyÞf�1 \ Y ¼ ; for some y 2 Y , then f is not right magnifying.
2. If Y 6� dom f and ðyÞf�1 \ Y 6¼ ; for all y 2 Y, then f is right magnifying.
3. If Y � dom f and jðyÞf�1 \ Yj ¼ 1 for all y 2 Y , then f is not right magnifying.
4. If Y � dom f , ðyÞf�1 \ Y 6¼ ; for all y 2 Y and jðyÞf�1 \ Yj > 1 for some y 2 Y, then f is

right magnifying.

Proof. 1. Assume that ðyÞf�1 \ Y ¼ ; for some y 2 Y: Let y0 2 Y be such that ðy0Þf�1 \ Y ¼ ;:
Let g 2 PðX,YÞ be such that dom g ¼ X and ðxÞg ¼ y0 for all x 2 X: Then for all h 2 PðX,YÞ,
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y0 62 ran hf : This implies that there is no h 2 PðX,YÞ such that hf ¼ g. Therefore, f is not
right magnifying.

2. Assume that Y 6� dom f : Let y0 2 Y be such that y0 62 domf : Let M ¼ fh 2 PðX,YÞjy0 62
ran hg: Then M 6¼ PðX,YÞ: Let g be any function in P(X, Y). Since f is onto a set Y and ðyÞf�1 \
Y 6¼ ; for all y 2 Y , there exists for each x 2 dom g, yx 2 Y such that ðyxÞf ¼ ðxÞg: Define a
function h 2 PðX,YÞ by ðxÞh ¼ yx for all x 2 dom g: Thus dom h ¼ dom g: Since y0 62
dom f , y0 62 ran h: Hence h 2 M: For all x 2 dom g, we obtain

ðxÞhf ¼ ððxÞhÞf ¼ ðyxÞf ¼ ðxÞg:
Then hf ¼ g, this implies that Mf ¼ PðX,YÞ: Therefore, f is right magnifying.
3. Assume that Y � dom f and jðyÞf�1 \ Yj ¼ 1 for all y 2 Y: Then f jY is bijective. Suppose f

is right magnifying. Then there exists a proper subset M of P(X, Y) such that Mf ¼ PðX,YÞ:
Hence, Mf ¼ PðX,YÞf : Since f jY is bijective, M ¼ PðX,YÞ, a contradiction. Then f is not
right magnifying.

4. Assume that Y � dom f , ðyÞf�1 \ Y 6¼ ; for all y 2 Y and jðyÞf�1 \ Yj > 1 for some y 2 Y:
Let M ¼ fh 2 PðX,YÞjh is not onto a set Yg: Then M 6¼ PðX,YÞ: Let g be any function in P(X,
Y). Since f is onto a set Y and ðyÞf�1 \ Y 6¼ ; for all y 2 Y , there exists for each x 2 X, an elem-
ent yx 2 Y such that ðyxÞf ¼ ðxÞg (if ðx1Þg ¼ ðx2Þg, we must choose yx1 ¼ yx2 ). Define a function
h 2 PðX,YÞ by ðxÞh ¼ yx for all x 2 dom g: We claim that h is not onto a set Y. Since jðyÞf�1 \
Yj > 1 for some y 2 Y , there exist an element y0 2 Y and distinct elements y1, y2 2 Y such that
ðy1Þf ¼ ðy2Þf ¼ y0: If y0 62 ran g, we have y1, y2 62 ran h: If y0 2 ran g, there is only one between
y1 and y2 in ran h: Then h is not onto a set Y. Hence h 2 M and for all x 2 dom g ¼ dom h, we
gain

ðxÞhf ¼ ðyxÞf ¼ ðxÞg:
Then hf ¼ g, hence Mf ¼ PðX,YÞ: Therefore, f is right magnifying. w

Example 1. Consider X ¼ N and Y ¼ 2N:

1. Let f 2 PðX,YÞ by ð1Þf ¼ ð3Þf ¼ 2 and ð2xÞf ¼ 2x for all positive integer x> 1, that is,

f ¼ 1 2 3 4 5 6 7 8 � � �
2 � 2 4 � 6 � 8 � � �

� �
:

Then f is onto a set Y and is such that ð2Þf�1 \ Y ¼ ;: By Lemma 2(1), f is not
right magnifying.

2. Let f 2 PðX,YÞ by ð1Þf ¼ ð3Þf ¼ 2 and ð2xÞf ¼ 2x� 2 for all positive integer x> 1, that is,

f ¼ 1 2 3 4 5 6 7 8 � � �
2 � 2 2 � 4 � 6 � � �

� �
:

Then f is onto a set Y and Y 6� dom f since 2 62 dom f and ðyÞf�1 \ Y 6¼ ; for all y 2 Y: Let
M ¼ fh 2 PðX,YÞj2 62 ran hg: Let g 2 PðX,YÞ be any function. By Lemma 2(2), there exists
h 2 M such that hf ¼ g. For example, if g 2 PðX,YÞ such that ðxÞg ¼ 2x for all x 2 X, that is,

g ¼ 1 2 3 4 5 6 7 8 � � �
2 4 6 8 10 12 14 16 � � �

� �
:

Define a function h 2 PðX,YÞ by ðxÞh ¼ 2xþ 2 for all x 2 X, that is,

h ¼ 1 2 3 4 5 6 7 8 � � �
4 6 8 10 12 14 16 18 � � �

� �
:
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So h 2 M and we acquire

hf ¼ 1 2 3 4 5 6 7 8 � � �
4 6 8 10 12 14 16 18 � � �

 !
1 2 3 4 5 6 7 8 � � �
2 � 2 2 � 4 � 6 � � �

 !

¼ 1 2 3 4 5 6 7 8 � � �
2 4 6 8 10 12 14 16 � � �

 !
¼ g:

3. Let f 2 PðX,YÞ by ð1Þf ¼ ð2Þf ¼ 2 and ð2xÞf ¼ 2x for all positive integer x> 1, that is,

f ¼ 1 2 3 4 5 6 7 8 � � �
2 2 � 4 � 6 � 8 � � �

� �
:

Then f is onto a set Y, Y � dom f and jðyÞf�1 \ Yj ¼ 1 for all y 2 Y: By Lemma 2(3), f is
not right magnifying.

4. Let f 2 PðX,YÞ by ð1Þf ¼ ð3Þf ¼ 4 and ð2Þf ¼ ð4Þf ¼ 2 and ð2xÞf ¼ 2x� 2 for all positive
integer x> 2, that is,

f ¼ 1 2 3 4 5 6 7 8 � � �
4 2 4 2 � 4 � 6 � � �

� �
:

Then f is onto a set Y, ðyÞf�1 \ Y 6¼ ; for all y 2 Y and jðyÞf�1 \ Yj > 1 for some y 2 Y: Let
M ¼ fh 2 PðX,YÞjh is not onto a set Yg: Let g 2 PðX,YÞ be any function. By Lemma 2(4), there
exists h 2 M such that hf ¼ g. For instance, if g 2 PðX,YÞ such that ðxÞg ¼ 2x for all x 2 X, that
is,

g ¼ 1 2 3 4 5 6 7 8 � � �
2 4 6 8 10 12 14 16 � � �

� �
:

Define a function h 2 PðX,YÞ by ð1Þh ¼ 2 and ðxÞh ¼ 2xþ 2 for all positive integer x> 1, that
is,

h ¼ 1 2 3 4 5 6 7 8 � � �
2 6 8 10 12 14 16 18 � � �

� �
:

Hence h 2 M, and so

hf ¼ 1 2 3 4 5 6 7 8 � � �
2 6 8 10 12 14 16 18 � � �

 !
1 2 3 4 5 6 7 8 � � �
4 2 4 2 � 4 � 6 � � �

 !

¼ 1 2 3 4 5 6 7 8 � � �
2 4 6 8 10 12 14 16 � � �

 !
¼ g:

Theorem 3. A function f is right magnifying in P(X, Y) if and only if f is onto a set Y such
that either

1. Y 6� dom f and ðyÞf�1 \ Y 6¼ ; for all y 2 Y or
2. Y � dom f , ðyÞf�1 \ Y 6¼ ; for all y 2 Y and jðyÞf�1 \ Yj > 1 for some y 2 Y:

Proof. This follows by Lemmas 1 and 2. w

Corollary 4. A function f is right magnifying in P(X) if and only if f is onto a set Y and is such
that either
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1. dom f 6¼ X or
2. dom f ¼ X and f is not one-to-one.

Proof. This follows by Theorem 3. w

Although we know that the definition of left and right magnifying have the similar structure,
but the conditions for elements in P(X, Y) to be left or right magnifying are different as we show
in the part of right magnifying as above and the part of left magnifying as follows.

2.2. Left magnifying elements

Lemma 5. If f is a left magnifying element of P(X, Y) and Y 6¼ ;, then dom f ¼ X:

Proof. Let f be a left magnifying element in P(X, Y). So there exists a proper subset M of P(X, Y)
such that fM ¼ PðX,YÞ: Let y0 2 Y and g 2 PðX,YÞ be such that dom g ¼ X and ðxÞg ¼ y0 for
all x 2 X: Since g 2 PðX,YÞ ¼ fM, dom f ¼ X: w

Lemma 6. If jYj < jXj, then P(X, Y) has no left magnifying element.

Proof. If Y ¼ ;, then jPðX,YÞj ¼ 1, it is obvious that P(X, Y) has no left magnifying element.
Assume Y 6¼ ;: Let f be a left magnifying element in P(X, Y). By Lemma 5, dom f ¼ X: Since
jYj < jXj, f is not one-to-one. So there exist y 2 Y and x1, x2 2 X such that ðx1Þf ¼ ðx2Þf ¼ y:
Define g 2 PðX,YÞ by dom g ¼ fx1g and ðx1Þg ¼ y: Clearly, there is no h 2 PðX,YÞ such that fh
¼ g. This implies that there is no a proper subset M of P(X, Y) such that fM ¼ PðX,YÞ: Hence,
P(X, Y) has no left magnifying element. w

Lemma 7. Assume jYj ¼ jXj. If f is a left magnifying element in P(X, Y), then f is one-to-one.

Proof. Assume that f is a left magnifying element in P(X, Y). Then there exists a proper subset M
of P(X, Y) such that fM ¼ PðX,YÞ: Since jXj ¼ jYj, there exists a one-to-one function h from X
onto Y in P(X, Y). Therefore, there exists g 2 M such that fg ¼ h. This implies that f is one-to-
one. w

Lemma 8. Assume that jYj ¼ jXj but Y 6¼ X. If f 2 PðX,YÞ is one-to-one and dom f ¼ X, then f
is a left magnifying element in P(X, Y).

Proof. Assume that f 2 PðX,YÞ is one-to-one and dom f ¼ X: Let y0 2 Y and M ¼ fh 2
PðX,YÞjðxÞh ¼ y0 for all x 62 ran f g: Claim that fM ¼ PðX,YÞ: Let g 2 PðX,YÞ: Define h 2
PðX,YÞ by for all x 2 X,

ðxÞh ¼ ðx0Þg if x 2 ran f and ðx0Þf ¼ x,
y0 if x 62 ran f :

�

Then h 2 M and for x 2 X, and so

ðxÞfh ¼ ððxÞf Þh ¼ ðxÞg:
Then fh ¼ g, this implies that fM ¼ PðX,YÞ: Hence f is left magnifying in P(X, Y). w

Example 2. Consider X ¼ N and Y ¼ 2N: Let f 2 PðX,YÞ by ðxÞf ¼ 2x for all positive integer x,
that is,
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f ¼ 1 2 3 4 5 6 7 8 � � �
2 4 6 8 10 12 14 16 � � �

� �
:

Then dom f ¼ X and f is one-to-one. Let M ¼ fh 2 PðX,YÞjð2xþ 1Þh ¼ 2 for all x 2 Ng: Let
g 2 PðX,YÞ be any function. Define a function h 2 PðX,YÞ by ð2xÞh ¼ ðxÞg and ð2x� 1Þh ¼ 2
for all positive integer x. Thus h 2 M and for x 2 X, and then

ðxÞfh ¼ ððxÞf Þh ¼ ð2xÞh ¼ ðxÞg:
Hence fh ¼ g. For example, if g 2 PðX,YÞ such that ðxÞg ¼ 4x for all x 2 X, that is,

g ¼ 1 2 3 4 5 6 7 8 � � �
4 8 12 16 20 24 28 32 � � �

� �
:

Define a function h 2 PðX,YÞ by ð2xÞh ¼ 4x and ð2x� 1Þh ¼ 2 for all x 2 X, that is,

h ¼ 1 2 3 4 5 6 7 8 � � �
2 4 2 8 2 12 2 16 � � �

� �
:

So h 2 M and we acquire

fh ¼ 1 2 3 4 5 6 7 8 � � �
2 4 6 8 10 12 14 16 � � �

 !
1 2 3 4 5 6 7 8 � � �
2 4 2 8 2 12 2 16 � � �

 !

¼ 1 2 3 4 5 6 7 8 � � �
4 8 12 16 20 24 28 32 � � �

 !
¼ g:

Theorem 9. Assume jXj ¼ jYj and Y 6¼ X. A function f is left magnifying of P(X, Y) if and only if
f is one-to-one and dom f ¼ X:

Proof. This follows from Lemmas 7 and 8. w

Theorem 10. A function f in P(X) is a left magnifying element if and only if dom f ¼ X and f is
one-to-one but not onto a set X.

Proof. Assume that f is one-to-one but not onto a set X and dom f ¼ X: Let y0 2 X and M ¼
fh 2 PðXÞjðxÞh ¼ y0 for all x 62 ran f g: We claim that fM ¼ PðXÞ: For, let g 2 PðXÞ: Define a
function h 2 PðXÞ by for all x 2 X,

ðxÞh ¼ ðx0Þg if x 2 ran f and ðx0Þf ¼ x,
y0 if x 62 ran f :

�

Then h 2 M and for x 2 X, we have

ðxÞfh ¼ ððxÞf Þh ¼ ðxÞg:
Hence fh ¼ g, and so fM ¼ PðXÞ: Since M is a proper subset of PðXÞ, f is a left magnifying elem-
ent in P(X). Conversely, assume that f is a left magnifying element in P(X). By Lemma 5,
dom f ¼ X: By Lemma 7, f is one-to-one. Assume that f is onto a set X. Since f is bijective, its
inverse function f�1 exists. Since f is a left magnifying element in P(X), there exists a proper sub-
set M of P(X) such that fM ¼ PðXÞ: This implies that fM ¼ fPðXÞ and PðXÞ ¼ f�1fPðXÞ ¼
f�1fM ¼ M, a contradiction, and hence f is not onto a set X. w
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3. Magnifying elements of semigroups of partial transformations with invariant set

In this section, we study about the necessary and sufficient conditions for elements in V(X, Y) to
be left and right magnifying.

3.1. Right magnifying elements

Lemma 11. If f is a right magnifying element in VðX,YÞ, then f is onto a set X.

Proof. The proof is similar to Lemma 1 by the fact that idX 2 VðX,YÞ: w

Lemma 12. Let f 2 VðX,YÞ be onto a set X.

1. If ðyÞf�1 \ Y ¼ ; for some y 2 Y, then f is not right magnifying.
2. If Y 6� dom f and ðyÞf�1 \ Y 6¼ ; for all y 2 Y, then f is right magnifying.
3. If Y � dom f , ðyÞf�1 \ Y 6¼ ; for all y 2 Y and f is one-to-one, then f is not right magnifying.
4. If Y � dom f , ðyÞf�1 \ Y 6¼ ; for all y 2 Y and f is not one-to-one, then f is right magnifying.

Proof. 1. Assume that ðyÞf�1 \ Y ¼ ; for some y 2 Y: Let y0 2 Y be such that ðy0Þf�1 \ Y ¼ ;:
Define a function g 2 VðX,YÞ be such that dom g ¼ X and ðxÞg ¼ y0 for all x 2 X: Thus, there is
no h 2 VðX,YÞ such that hf ¼ g. Hence f is not right magnifying.

2. Assume that Y 6� dom f : Let y0 2 Y be such that y0 62 domf : Let M ¼ fh 2 VðX,YÞjy0 62
ran hg: Then M 6¼ VðX,YÞ: Let g be any function in V(X, Y). Since f is onto a set X and
ðyÞf�1 \ Y 6¼ ; for all y 2 Y , we can choose for each x 2 dom g such that ðxÞg 2 Y , yx 2 Y such
that ðyxÞf ¼ ðxÞg and for each x 2 dom g such that ðxÞg 2 X n Y , we can choose yx 2 X such
that ðyxÞf ¼ ðxÞg: Define a function h 2 VðX,YÞ by dom h ¼ dom g: and ðxÞh ¼ yx for all x 2
dom g: Note that if x 2 Y , then ðxÞg 2 Y , and so yx 2 Y: Since y0 62 dom f , y0 62 ran h: Hence
h 2 M: For all x 2 dom g, we obtain that

ðxÞhf ¼ ððxÞhÞf ¼ ðyxÞf ¼ ðxÞg:
Then hf ¼ g, and hence Mf ¼ VðX,YÞ: Therefore, f is right magnifying.

3. Assume that Y � dom f , ðyÞf�1 \ Y 6¼ ; for all y 2 Y and f is one-to-one. Then f and f jY
are bijective. Assume f is right magnifying. Then there exists a proper subset M of V(X, Y) such
that Mf ¼ VðX,YÞ: Hence Mf ¼ VðX,YÞf : Since f and f jY are bijective, M ¼ VðX,YÞ, a contra-
diction. Then f is not right magnifying.

4. Assume that ðyÞf�1 \ Y 6¼ ; for all y 2 Y: Let M ¼ fh 2 VðX,YÞjh is not onto a set Xg:
Then M 6¼ VðX,YÞ: Let g be any function in VðX,YÞ: Since f is onto a set X and ðyÞf�1 \ Y 6¼ ;
for all y 2 Y , we can choose for each x 2 dom g such that ðxÞg 2 Y , yx 2 Y such that ðyxÞf ¼
ðxÞg (if ðx1Þg ¼ ðx2Þg, we must choose yx1 ¼ yx2Þ and for each x 2 dom g such that ðxÞg 2
X n Y , we can choose yx 2 X such that ðyxÞf ¼ ðxÞg (if ðx1Þg ¼ ðx2Þg, we must choose yx1 ¼ yx2 ).
Define a function h 2 VðX,YÞ by dom h ¼ dom g and ðxÞh ¼ yx for all x 2 dom g: Note that if
x 2 Y , then ðxÞg 2 Y , and so yx 2 Y: Next, we claim that h is not onto a set X. Since f is not
one-to-one, there exist an element x0 2 X and distinct elements x1, x2 2 X such that ðx1Þf ¼
ðx2Þf ¼ x0: If x0 62 ran g, we have x1, x2 62 ran h: If x0 2 ran g, there is only one between x1
and x2 in ran h: Then h is not onto a set X. Hence h 2 M and for all x 2 X, and so ðxÞhf ¼
ððxÞhÞf ¼ ðyxÞf ¼ ðxÞg: Thus hf ¼ g, and hence Mf ¼ VðX,YÞ: Therefore, f is right
magnifying. w

Example 3. Consider X ¼ N and Y ¼ 2N:
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1. Let f 2 VðX,YÞ by ð1Þf ¼ 1, ð3Þf ¼ 2, ð4Þf ¼ 4 and ðxÞf ¼ x� 2 for all positive integer
x> 4, that is,

f ¼ 1 2 3 4 5 6 7 8 � � �
1 � 2 4 3 4 5 6 � � �

� �
:

Then f is onto a set X such that ð2Þf�1 \ Y ¼ ;: By Lemma 12(1), f is not right magnifying.
2. Let f 2 VðX,YÞ by ð1Þf ¼ 1, ð3Þf ¼ 2 and ðxÞf ¼ x� 2 for all positive integer x> 3, that is,

f ¼ 1 2 3 4 5 6 7 8 � � �
1 � 2 2 3 4 5 6 � � �

� �
:

Then f is onto a set X, Y 6� dom f and ðyÞf�1 \ Y 6¼ ; for all y 2 Y: Let M ¼ fh 2 PðX,YÞj
2 62 ran hg: Let g 2 VðX,YÞ be any function. By Lemma 12(2), there exists h 2 M such that
hf ¼ g. For example, Let g 2 PðX,YÞ be such that ðxÞg ¼ 2x for all x 2 X, that is,

g ¼ 1 2 3 4 5 6 7 8 � � �
2 4 6 8 10 12 14 16 � � �

� �
:

Define a function h 2 PðX,YÞ by ðxÞh ¼ 2xþ 2 for all x 2 X, that is,

h ¼ 1 2 3 4 5 6 7 8 � � �
4 6 8 10 12 14 16 18 � � �

� �
:

So h 2 M and we have

hf ¼ 1 2 3 4 5 6 7 8 � � �
4 6 8 10 12 14 16 18 � � �

 !
1 2 3 4 5 6 7 8 � � �
1 � 2 2 3 4 5 6 � � �

 !

¼ 1 2 3 4 5 6 7 8 � � �
2 4 6 8 10 12 14 16 � � �

 !
¼ g:

3. We gain that idX is onto a set X, Y � dom f , ðyÞf�1 \ Y 6¼ ; for all y 2 Y and f is one-to-
one. Then idX is not right magnifying by Lemma 12(3).

4. Let f 2 VðX,YÞ by ð1Þf ¼ 1 and ð2Þf ¼ 2, and ðxÞf ¼ x� 2 for all positive integers x> 3,
that is,

f ¼ 1 2 3 4 5 6 7 � � �
1 2 � 2 3 4 5 � � �

� �
:

Then f is onto a set X but not one-to-one and ðyÞf�1 \ Y 6¼ ; for all y 2 Y: Let M ¼ fh 2
VðX,YÞjh is not onto a set Xg: In Lemma 12(4), for any g 2 VðX,YÞ, we have h 2 VðX,YÞ such
that hf ¼ g. For example, if g 2 VðX,YÞ such that ðxÞg ¼ 2x for all x 2 X, that is,

g ¼ 1 2 3 4 5 6 7 � � �
2 4 6 8 10 12 14 � � �

� �
:

Define a function h 2 VðX,YÞ by ð1Þh ¼ 2 and ðxÞh ¼ 2xþ 2 for all x> 1, that is,

h ¼ 1 2 3 4 5 6 7 � � �
2 6 8 10 12 14 16 � � �

� �
:
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Then h 2 M and we gain

hf ¼ 1 2 3 4 5 6 7 � � �
2 6 8 10 12 14 16 � � �

 !
1 2 3 4 5 6 7 � � �
1 2 � 2 3 4 5 � � �

 !

¼ 1 2 3 4 5 6 7 � � �
2 4 6 8 10 12 14 � � �

 !
¼ g:

Theorem 13. Let f 2 VðX,YÞ: Then f is right magnifying in V(X, Y) if and only if f is onto a set X
such that either

1. Y 6� dom f and ðyÞf�1 \ Y 6¼ ; for all y 2 Y or
2. Y � dom f , ðyÞf�1 \ Y 6¼ ; for all y 2 Y and f is not one-to-one.

Proof. This follows by Lemmas 11 and 12. w

Corollary 14. Let f 2 PðXÞ. Then f is right magnifying in P(X) if and only if f is onto a set X such
that either

1. dom f 6¼ X or
2. dom f ¼ X and f is not one-to-one.

Proof. This follows by Theorem 13. w

Currently, we see that the conditions for elements in P(X, Y) and elements in V(X, Y) to be
right magnifying are parallel in some sense but they are not just the same. Moreover, as a result
of Section 2, we know that the conditions for elements in P(X, Y) to be left or right magnifying
are different, it is the same for V(X, Y).

3.2. Left magnifying elements

Lemma 15. If f is a left magnifying element of V(X, Y) and Y 6¼ ;, then dom f ¼ X:

Proof. The proof is similar to Lemma 5. w

Lemma 16. If f is a left magnifying element in V(X, Y), then f is one-to-one.

Proof. Assume that f is a left magnifying element in VðX,YÞ: Then there exists a proper subset
M of V(X, Y) such that fM ¼ VðX,YÞ: Since idX 2 VðX,YÞ, there exists g 2 M such that fg ¼
idX: This implies that f is one-to-one. w

Lemma 17. Let f 2 VðX,YÞ: If ðyÞf�1 6�Y for some y 2 Y \ ran f , then f is not a left magnifying
element in VðX,YÞ:

Proof. Let y0 2 Y \ ran f be such that ðy0Þf�1 6�Y: Then there exists x0 2 X n Y such that ðx0Þf ¼
y0: We have idX 2 VðX,YÞ but there is no a function h 2 VðX,YÞ such that ðx0Þfh ¼ x0: Hence f
is not left magnifying. w

Lemma 18. Let f 2 VðX,YÞ be such that dom f ¼ X. If f is bijective and ðyÞf�1 � Y for all
y 2 Y \ ran f , then f is not a left magnifying element in V(X, Y).
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Proof. Assume that f is left magnifying. Then there exists a proper subset M of V(X, Y) such that
fM ¼ VðX,YÞ: Then fM ¼ fVðX,YÞ: By assumption, we have f jY is bijective. This implies that
f�1 2 VðX,YÞ, and so M ¼ f�1fM ¼ f�1fVðX,YÞ ¼ VðX,YÞ, a contradiction. Hence f is not a
left magnifying element in V(X, Y). w

Lemma 19. Let f 2 VðX,YÞ be such that dom f ¼ X. If f is one-to-one but not onto a set X and
ðyÞf�1 � Y for all y 2 Y \ ran f , then f is a left magnifying element in V(X, Y).

Proof. Assume that f is one-to-one but not onto a set X and ðyÞf�1 � Y for all y 2 Y \ ran f : Let
y0 2 Y and M ¼ fh 2 VðX,YÞjðxÞh ¼ y0 for all x 62 ran f g: Then M 6¼ VðX,YÞ: We claim that
fM ¼ VðX,YÞ: Let g 2 VðX,YÞ: Define a function h 2 VðX,YÞ by for all x 2 X,

ðxÞh ¼ ðx0Þg if x 2 ran f and ðx0Þf ¼ x,
y0 otherwise:

�

Let x 2 Y: If x 62 ran f , then ðxÞh ¼ y0: If x 2 ran f , then x0 2 Y by the assumption. This implies
that ðx0Þg 2 Y: Then h 2 M and for all x 2 X, and so ðxÞfh ¼ ððxÞf Þh ¼ ðxÞg: Thus fh ¼ g and
this implies that fM ¼ VðX,YÞ: Therefore, f is a left magnifying element in V(X, Y). w

Example 4. Consider X ¼ N and Y ¼ 2N: Let f 2 VðX,YÞ by ðxÞf ¼ xþ 4 for all positive inte-
gers x, that is,

f ¼ 1 2 3 4 5 6 7 � � �
5 6 7 8 9 10 11 � � �

� �
:

Then dom f ¼ X, f is one-to-one but not onto a set X and is such that ðyÞf�1 � Y for all y 2
Y \ ran f : Let M ¼ fh 2 VðX,YÞjð1Þh ¼ ð2Þh ¼ ð3Þh ¼ ð4Þh ¼ 2g: Let g 2 VðX,YÞ be any func-
tion. From Lemma 19, we can define a function h 2 VðX,YÞ by ð1Þh ¼ ð2Þh ¼ ð3Þh ¼ ð4Þh ¼ 2
and ðxÞh ¼ ðx� 4Þg for all x> 4. So h 2 M and for all x 2 X, we have

ðxÞfh ¼ ððxÞf Þh ¼ ðxþ 4Þh ¼ ðxÞg:
For instance, if g 2 VðX,YÞ is such that ðxÞg ¼ 2x for all x 2 X, that is,

g ¼ 1 2 3 4 5 6 7 � � �
2 4 6 8 10 12 14 � � �

� �
:

Define a function h 2 VðX,YÞ by ð1Þh ¼ ð2Þh ¼ ð3Þh ¼ ð4Þh ¼ 2 and ðxÞh ¼ ðx� 4Þg ¼ 2ðx� 4Þ
for all x> 4, that is,

h ¼ 1 2 3 4 5 6 7 � � �
2 2 2 2 2 4 6 � � �

� �
:

So h 2 M and we obtain

fh ¼ 1 2 3 4 5 6 7 � � �
5 6 7 8 9 10 11 � � �

 !
1 2 3 4 5 6 7 � � �
2 2 2 2 2 4 6 � � �

 !

¼ 1 2 3 4 5 6 7 � � �
2 4 6 8 10 12 14 � � �

 !
¼ g:

Theorem 20. f is a left magnifying element in V(X, Y) if and only if f is one-to-one but not onto a
set X such that dom f ¼ X and ðyÞf�1 � Y for all y 2 Y \ ran f :
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Proof. Assume that f is a left magnifying element in VðX,YÞ: By Lemma 15, we gain dom f ¼ X:
By Lemma 16, f is one-to-one. By Lemmas 17 and 18, f is one-to-one but not onto a set X and is
such that ðyÞf�1 � Y for all y 2 Y \ ran f : Conversely, assume that f is one-to-one but not onto
a set X, dom f ¼ X and ðyÞf�1 � Y for all y 2 Y \ ran f : By Lemma 19, we obtain that f is left
magnifying in VðX,YÞ: w

Corollary 21. f is a left magnifying element in P(X) if and only if dom f ¼ X and f is one-to-one
but not onto a set X.

Proof. This follows from Theorem 20. w

4. Magnifying elements of semigroups of partial transformations
preserving partitions

In this section, we find the necessary and sufficient conditions for elements in S(X, Y) to be left
and right magnifying.

4.1. Right magnifying elements

Lemma 22. If f is a right magnifying element of S(X, Y), then f is onto a set X.

Proof. By the fact that idX 2 SðX,YÞ, the proof is similar to Lemma 1. w

Lemma 23. Let f 2 SðX,YÞ be onto a set X.

1. If dom f 6¼ X, then f is right magnifying.
2. If dom f ¼ X and f is one-to-one, then f is not right magnifying.
3. If dom f ¼ X and f is not one-to-one, then f is right magnifying.

Proof. 1. Assume that dom f 6¼ X: Let M ¼ fh 2 SðX,YÞjh is not onto a set Xg: Then M 6¼
SðX,YÞ: Let g be any function in S(X, Y). Since f is onto a set X, we can choose for each x 2
dom g such that ðxÞg 2 Y , yx 2 Y such that ðyxÞf ¼ ðxÞg and for each x 2 dom g such that
ðxÞg 2 X n Y , we can choose yx 2 X n Y such that ðyxÞf ¼ ðxÞg: Define a function h 2 SðX,YÞ by
dom h ¼ dom g and ðxÞh ¼ yx for all x 2 dom g: Note that if x 2 Y , then ðxÞg 2 Y , and so
yx 2 Y and x 2 X n Y: Thus ðxÞg 2 X n Y , and then yx 2 X n Y: Since dom f 6¼ X, h is not onto a
set X. Hence h 2 M: For all x 2 dom g, we obtain

ðxÞhf ¼ ððxÞhÞf ¼ ðyxÞf ¼ ðxÞg:
Then hf ¼ g, and hence Mf ¼ SðX,YÞ: Therefore, f is right magnifying.

2. Assume that dom f ¼ X and f is one-to-one. Then f is bijective. Then its inverse function
f�1 exists and f�1 2 SðX,YÞ: Suppose that f is a right magnifying element of S(X, Y). Then there
exists a proper subset M of S(X, Y) such that Mf ¼ SðX,YÞ: Hence Mf ¼ SðX,YÞf and M ¼
Mff�1 ¼ SðX,YÞff�1 ¼ SðX,YÞ, a contradiction. Therefore, f is not right magnifying of SðX,YÞ:

3. Assume that dom f ¼ X and f is not one-to-one. Let M ¼ fh 2 SðX,YÞjh is not onto a set
Xg: Then M 6¼ SðX,YÞ: Let g be any function in SðX,YÞ: Since f is onto a set X, we can choose
for each x 2 dom g such that ðxÞg 2 Y , yx 2 Y such that ðyxÞf ¼ ðxÞg (if ðx1Þg ¼ ðx2Þg, we must
choose yx1 ¼ yx2Þ and for each x 2 dom g such that ðxÞg 2 X n Y , we can choose yx 2 X n Y such
that ðyxÞf ¼ ðxÞg (if ðx1Þg ¼ ðx2Þg, we must choose yx1 ¼ yx2 ). Define a function h 2 VðX,YÞ by
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dom h ¼ dom g and ðxÞh ¼ yx for all x 2 dom g: Note that if x 2 Y , then ðxÞg 2 Y , and so yx 2
Y and if x 2 X n Y , then yx 2 X n Y: Next, we claim that h is not onto a set X. Since f is not
one-to-one, there exist an element x0 2 X and distinct elements x1, x2 2 X such that ðx1Þf ¼
ðx2Þf ¼ x0: If x0 62 ran g, we have x1, x2 62 ran h: If x0 2 ran g, there is only one between x1 and
x2 in ran h: Then h is not onto a set X. Hence h 2 M and for all x 2 X, we have ðxÞhf ¼
ððxÞhÞf ¼ ðyxÞf ¼ ðxÞg: Then hf ¼ g, and hence Mf ¼ SðX,YÞ: Therefore, f is right magnifying. w

Example 5. Consider X ¼ N and Y ¼ 2N:
1. Let f 2 SðX,YÞ be such that ð2xþ 1Þf ¼ 2x� 1 and ð2xÞf ¼ 2x� 2 for all positive integer

x, that is,

f ¼ 1 2 3 4 5 6 7 8 � � �
� 2 1 4 3 6 5 8 � � �

� �
:

Then f is onto a set X and dom f 6¼ X since 1 62 dom f : Let M ¼ fh 2 SðX,YÞjh is not onto a set
Xg: Let g 2 SðX,YÞ be any function. By Lemma 23(1), there exists h 2 M such that hf ¼ g. For
example, if g 2 SðX,YÞ such that ð2xÞg ¼ 4x for all a positive integer x, that is,

g ¼ 1 2 3 4 5 6 7 8 � � �
� 4 � 8 � 12 � 16 � � �

� �
:

Define a function h 2 SðX,YÞ by ð2xÞh ¼ 4x for all x 2 X, that is,

h ¼ 1 2 3 4 5 6 7 8 � � �
� 4 � 8 � 12 � 16 � � �

� �
:

So h 2 M and we have

hf ¼ 1 2 3 4 5 6 7 8 � � �
� 4 � 8 � 12 � 16 � � �

 !
1 2 3 4 5 6 7 8 � � �
� 2 1 4 3 6 5 8 � � �

 !

¼ 1 2 3 4 5 6 7 8 � � �
� 4 � 8 � 12 � 16 � � �

 !
¼ g:

2. Let f 2 PðX,YÞ by ð1Þf ¼ 1 and ð2xÞf ¼ 2x and ð2xþ 1Þf ¼ 2x� 1 for all positive integer
x, that is,

f ¼ 1 2 3 4 5 6 7 8 � � �
1 2 1 4 3 6 5 8 � � �

� �
:

Then dom f ¼ X, f is onto a set X and f is not one-to-one. Let M ¼ fh 2 SðX,YÞjh is not onto a
set Xg: Let g 2 SðX,YÞ be any function. By Lemma 23(4), there exists h 2 M such that hf ¼ g.
For example, let g 2 SðX,YÞ be such that ðxÞg ¼ 2x for all x 2 X, that is,

g ¼ 1 2 3 4 5 6 7 8 � � �
� 4 � 8 � 12 � 16 � � �

� �
:

Define a function h 2 PðX,YÞ by ðxÞh ¼ 2x for all positive integer x, that is,

h ¼ 1 2 3 4 5 6 7 8 � � �
� 4 � 8 � 12 � 16 � � �

� �
:
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So h 2 M and we obtain

hf ¼ 1 2 3 4 5 6 7 8 � � �
� 4 � 8 � 12 � 16 � � �

 !
1 2 3 4 5 6 7 8 � � �
1 2 1 4 3 6 5 8 � � �

 !

¼ 1 2 3 4 5 6 7 8 � � �
� 4 � 8 � 12 � 16 � � �

 !
¼ g:

Theorem 24. Let f 2 SðX,YÞ: Then f is right magnifying in S(X, Y) if and only if f is onto a set X
and is such that either

1. dom f 6¼ X or
2. dom f ¼ X and f is not one-to-one.

Now, we have that the conditions for elements in S(X, Y) to be right magnifying are different
from the conditions for elements in P(X, Y) and V(X, Y) to be right magnifying.

4.2. Left magnifying elements

Lemma 25. If f is a left magnifying element of S(X, Y), then dom f ¼ X:

Proof. Let f be a left magnifying element in S(X, Y). So there exists a proper subset M of S(X, Y)
such that fM ¼ SðX,YÞ: Since idX 2 SðX,YÞ, there exists h 2 M such that fh ¼ idX. This implies
that dom f ¼ X: w

Lemma 26. If f is a left magnifying element in S(X, Y), then f is one-to-one.

Proof. Assume that f is a left magnifying element in SðX,YÞ: Then there exists a proper subset M
of S(X, Y) such that fM ¼ SðX,YÞ: Since idX 2 SðX,YÞ, there exists g 2 M such that fg ¼ idX:
This implies that f is one-to-one. w

Lemma 27. Let f 2 SðX,YÞ be such that dom f ¼ X. If f is bijective, then f is not a left magnifying
element in S(X, Y).

Proof. Assume that f is left magnifying. Then there exists a proper subset M of S(X, Y) such that
fM ¼ SðX,YÞ: Then fM ¼ fSðX,YÞ: By assumption, f�1 2 SðX,YÞ: So M ¼ f�1fM ¼
f�1fSðX,YÞ ¼ SðX,YÞ, a contradiction. Hence f is not a left magnifying element in S(X, Y). w

Lemma 28. Let f 2 SðX,YÞ be such that dom f ¼ X. If f is one-to-one but not onto a set X, then f
is a left magnifying element in V(X, Y).

Proof. Assume that f is one-to-one but not onto a set X. Let M ¼ fh 2 VðX,YÞjðxÞh ¼ x for all
x 62 ran f g: Then M 6¼ SðX,YÞ: We claim that fM ¼ SðX,YÞ: Let g 2 SðX,YÞ: Define a function
h 2 SðX,YÞ by for all x 2 X,

ðxÞh ¼ ðx0Þg if x 2 ran f and ðx0Þf ¼ x,
x otherwise:

�

Let x 2 Y: If x 62 ran f , then ðxÞh ¼ y0: If x 2 ran f , then x0 2 Y by assumption, and this implies
that ðx0Þg 2 Y: Similarly, if x 2 X n Y , then x0 2 X n Y: Thus h 2 M and for all x 2 X, we gain
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that ðxÞfh ¼ ððxÞf Þh ¼ ðxÞg: Hence fh ¼ g, and so fM ¼ SðX,YÞ: Therefore, f is a left magnifying
element in S(X, Y). w

Example 6. Consider X ¼ N and Y ¼ 2N: Let f 2 VðX,YÞ by ðxÞf ¼ xþ 4 for all positive inte-
gers x, that is,

f ¼ 1 2 3 4 5 6 7 � � �
5 6 7 8 9 10 11 � � �

� �
:

Then dom f ¼ X, f is one-to-one but not onto a set X. Let M ¼ fh 2 VðX,YÞjð1Þh ¼ 1, ð2Þh ¼
2, ð3Þh ¼ 3, ð4Þh ¼ 4g: Let g 2 SðX,YÞ be any function. From Lemma 28, we can define a func-
tion h 2 SðX,YÞ by ð1Þh ¼ 1, ð2Þh ¼ 2, ð3Þh ¼ 3, ð4Þh ¼ 4 and ðxÞh ¼ ðx� 4Þg for all x> 4. So
h 2 M and for all x 2 X, we have

ðxÞfh ¼ ððxÞf Þh ¼ ðxþ 4Þh ¼ ðxÞg:
For instance, if g 2 SðX,YÞ such that ð2xÞg ¼ 4x for all x 2 X, that is,

g ¼ 1 2 3 4 5 6 7 � � �
� 4 � 8 � 12 � � � �

� �
:

Define a function h 2 VðX,YÞ by ð1Þh ¼ 1, ð2Þh ¼ 2, ð3Þh ¼ 3, ð4Þh ¼ 4 and ð2xÞh ¼ ð2x� 4Þg ¼
2ð2x� 4Þ for all x> 2, that is,

h ¼ 1 2 3 4 5 6 7 � � �
1 2 3 4 � 4 � � � �

� �
:

So h 2 M and we have

fh ¼ 1 2 3 4 5 6 7 � � �
5 6 7 8 9 10 11 � � �

 !
1 2 3 4 5 6 7 � � �
1 2 3 4 � 4 � � � �

 !

¼ 1 2 3 4 5 6 7 � � �
� 4 � 8 � 12 � � � �

 !
¼ g:

Theorem 29. f is a left magnifying element in S(X, Y) if and only if dom f ¼ X and f is one-to-
one but not onto a set X.

Proof. This follows from Lemmas 25, 26, 27, and 28. w

Corollary 30. A function f is a left magnifying element in P(X) if and only if dom f ¼ X and f is
one-to-one but not onto a set X.

Proof. This follows from Theorem 29. w

5. Conclusion

As a result of Section 2, we investigated the necessary and sufficient conditions for elements in
P(X, Y) to be left or right magnifying.

1. f is right magnifying in P(X, Y) if and only if f is onto a set Y such that either
Y 6� dom f and ðyÞf�1 \ Y 6¼ ; for all y 2 Y or
Y � dom f , ðyÞf�1 \ Y 6¼ ; for all y 2 Y and jðyÞf�1 \ Yj > 1 for some y 2 Y:
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2. If jYj < jXj, then P(X, Y) has no left magnifying element.
3. If jYj ¼ jXj and Y 6¼ X, then f is left magnifying of P(X, Y) if and only if dom f ¼ X and f

is one-to-one.

In Section 3, we give necessary and sufficient conditions for elements in V(X, Y) to be left or
right magnifying.

1. f is right magnifying in V(X, Y) if and only if f is onto a set X such that either
Y 6� dom f and ðyÞf�1 \ Y 6¼ ; for all y 2 Y or
Y � dom f , ðyÞf�1 \ Y 6¼ ; for all y 2 Y and f is not one-to-one.

2. f is left magnifying if and only if f is one-to-one but not onto a set X such that dom f ¼ X
and ðyÞf�1 � Y for all y 2 Y \ ran f :

The necessary and sufficient conditions for elements in S(X, Y) to be left or right magnifying
are investigated in Section 4.

1. f is right magnifying in P(X) if and only if f is onto a set X and is such that either
dom f 6¼ X or
dom f ¼ X and f is not one-to-one.

2. f is left magnifying in S(X, Y) if and only if dom f ¼ X and f is one-to-one but not onto a
set X.

The necessary and sufficient conditions for elements in P(X) to be left or right magnifying are
given in Sections 2, 3, and 4.

1. f is right magnifying in P(X) if and only if f is onto a set X and is such that either
dom f 6¼ X or
dom f ¼ X and f is not one-to-one.

2. f is left magnifying in P(X) if and only if dom f ¼ X and f is one-to-one but not onto a
set X.
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