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ABSTRACT. In this paper, we provide some new identities for a family of k-generalized
Fibonacci numbers which are a generalization of both Fibonacci numbers and Lucas num-
bers. We investigate the relationships among the terms of k-generalized Fibonacci num-
bers and examine the sum and the difference of those numbers, especially in case of kn
+ r where r € {0, 1,2, 3}.

Keywords: Fibonacci number, Lucas number, Generalized Fibonacci number, k-genera-
lized Fibonacci number

1. Introduction. Fibonacci numbers are one of the most well-known numbers in math-
ematics. Also, those numbers have many important applications to various fields [1],
e.g., computer science, physics, biology, and statistics. Some applications of Fibonacci
sequences in group theory were studied by Campbell et al., see in [2, 3, 4]. The Fibonacci
numbers F}, are given by the recurrence relation:

Fn+1:Fn+Fn71> n=>1

with the initial values Fy =0, F; = 1.

Koshy [5] wrote one of the most popular books of Fibonacci and Lucas numbers. Those
books have many applications of Fibonacci numbers to various fields of mathematics and
science and numerous recurrence relations, which are a generalization of Fibonacci and
Lucas numbers. For a,b € R and n > 1, the generalized Fibonacci numbers are defined
by

Gn+1 = Gn + anl

with the initial values Gy = a, G; = b.
El-Mikkawy and Sogabe, see in [6], gave the definition of generalized k-Fibonacci num-
bers as follows:

F(k) = (Fm>k_T(Fm+1>T> n=mk+r (0 <7< k)? m,T € NU {0}

n

It can be seen that there are several studies of them in the same manner as Fibonacci
numbers. The Fibonacci, generalized Fibonacci and generalized k-Fibonacci numbers were
inverstigated by many researchers [7, 8 9, 10, 11, 12, 13, 14, 15, 16]. However, almost
identities obtained from the study of k-Fibonacci and generalized k-Fibonacci numbers
are the cases k =2 and k = 3.
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In this paper, we investigate k-generalized Fibonacci numbers where k is an arbitrary
positive integer. We provide some identities and relationships among those numbers, es-
pecially in the case of kn + r where r € {0,1,2,3}. In the results, we focus on the sum
and the difference of those numbers.

2. Preliminaries. Throughout this research, we use the definition of k-generalized Fi-
bonacci number, which was introduced by Yilmaz et al., see in [17]. For n, k (k #0) € N
the k-generalized Fibonacci numbers are defined by

G = (\/%)k (Ja + baja™ ' — [a + bﬁ]ﬁm_l)k_r ([a + ba]a™ — [a + bB)B™)";

n=mk+7r(0<r<k),mreNU{0}

where o = (1—1-\/5)/2 and = (1—\/5)/2.
Moreover, they gave a relationship of between k-generalized Fibonacci numbers and
generalized Fibonacci numbers as follows:

GW = (G " (Csr)”, n=mk+7r(0<r<k),mreNU{0}

From the above equation, we have that the 1-generalized Fibonacci number G%l) is

just the ordinary generalized Fibonacci number G,, because GV s a,b,a+b,a+2b,2a +
3b, 3a + 5b, 5a + 8b, 8a + 13b, 13a + 21b, 21a + 34b, 34a + 55b, . .. The first few numbers of
the k-generalized Fibonacci numbers for £ = 2,3 are as follows:

(GP}" = [a? ab, b, ab + 1%, a® + 2ab + ?,a® + 3ab + 2%, a® + dab + ab?,
2a® + Tab + 6b°, 4a® + 12ab + 9b*, 6a® + 19ab + 15b%, 9a* + 30ab + 256% }
{Gﬁf’)}f’zo = {d®,a®b, ab® b®, ab® + b, a®b + 2ab* + b, a® + 3a’b + 3ab® + b?,
a® + 4a®b + 5ab® + 203, a® + 5a*b + 8ab? + 4b?, a® + 6a*b + 12ab® + 8b°,
2a” + 11a®b + 20ab® + 126°} .

3. Main Results. In this section, we provide some relationships among the terms of
k-generalized Fibonacci numbers and the relationships among generalized Fibonacci num-
ber and k-generalization Fibonacci numbers, especially in the case of kn 4+ r where
r€{0,1,2,3}.

Theorem 3.1. Let n, k be positive integers. Then
k k k
Gl = G + Gy,
Proof: We have G = (G)* " (Gyi1)" for n = mk +r (0 < r < k). Consider
k _
Gl(cn)+1 = Gfb 1Gn+1
= Gg_l(Gn + Gn—l)
_ k) (k)
- ka + Gkn—l' O
Corollary 3.1. Let n be a positive integer. Then
3 3 3
Glnr = Gl + Gy,
Proof: For k = 3, the corollary follows by Theorem 3.1. a
Theorem 3.2. Let n, k be positive integers. Then

k k k k
Gl(m)+2 = Gl(en) + 2G1(€n)—1 + G/(cn)—2'
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Proof: Since G = (G1)" " (Gpsr)" for n=mk +r (0 <r < k), we consider
Gl(cn+2 Gy~ G
= GGy + Gpn)?
_ (k) (k) (k)
- Gkn + 2szn—l + Gkn—Q' U
Corollary 3.2. Let n be a positive integer. Then
3
Gi(%n,)-i-? Gy +2G5) | +GE) .
Proof: For k = 3, the corollary follows by Theorem 3.2. a
Theorem 3.3. Let n, k be positive integers. Then
(k) (k)
Gl(m 2= Gkn+2 2G knt1 T G
Proof: We have G = (G)* " (Gyi1)" for n = mk +r (0 < r < k). Consider
(k) _
Gkn 2 G (n—1)+(k—2)
o~k —(k—2) ~k
- Gn—l G(n—21
— Gk—2G2 .
— Gk—Q(Gn+1 o Gn)2

(k k) k
= Gioliy = 260, + G 0

)+1

Corollary 3.3. Let n be a positive integer. Then
Gi(’jz)—Q = GZ(S?;L)—I—Q G(n+1 + G3n
Proof: For k = 3, the corollary follows by Theorem 3.3. a
Theorem 3.4. Let n, k be positive integers. Then
G/E:]:’L)+2 - Gl(i)—z = Gkn 1t Gl(cljz)—i-l

Proof: We have G\ = (G,,)" " (Gs1)" for n = mk+r (0 < r < k). By Theorem 3.2
and Theorem 3.3, we get

k k k
Gl(m)+2 - Gl(m)—Q = (Gkn + 2Gkn 1T Gl(cn)—2> - (Gl(m+2 2Glm+1 + G )
(k)
2Glm 1t Gkn 2 Gkn+2 + 2Gkn+1
Then, we have
k k k k k k
Ggm)+2 - Gl(m) 27 Gl(m)—2 + Gl(m)+2 = 2G§m) 1t QGI(WL)—H
(k
2 <Gl(m+2 -Gy 2) =2 (Gl(m 1t 2Gkn+1>
(k) (k) (k)
Gkn+2 - Gkn 2 Gkn 1t Gkn+1 0
Corollary 3.4. Let n be a positive integer. Then
3 3 3
ng)+2 - ng)d = ng 1t ng)ﬂ
Proof: For k = 3, the corollary follows by Theorem 3.4. a
Theorem 3.5. Let n, k be positive integers. Then

GIE:I:?+3:G +3Gkn 1+3G 2+Gkn 3
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Proof: We have G = (G)* " (Gyi1)" for n = mk +r (0 < r < k). Consider
k _
Gl(m)+3 - Gﬁ SGfLH
- GkiS(G +Gn 1)3
(k
=GV 1+ 36¥ 36l , Gl
Corollary 3.5. Let n be a positive integer. Then
3) 3 3 3)
G = Gl + 3Gy +3G5), + Gy,
Proof: For k = 3, the corollary follows by Theorem 3.5.
Theorem 3.6. Let n, k be positive integers. Then
k
Gy = Gkn+3 - 3G(n+2 + 3Gkn+1 G,

Proof: Since G = (Gm)k_T(GmH)T for n =mk +1r (0 <r < k), we consider

(k) _
Gkn 3 G (n—1)+(k-3)
k 3) k— 3
e e s A
— G3 1Gk‘ 3

— Gk_g(Gn—H o Gn)3
k
= Gkn+3 G(n+2 + 3Gkn+1 - Gl(m)
Corollary 3.6. Let n be a positive integer. Then
3 3 3 3
G:(an)—s = G:(m)+3 G(n+2 + 3G§n)+1 - G:(an)
Proof: For k = 3, the corollary follows by Theorem 3.6.
Theorem 3.7. Let n, k be positive integers. Then
k k k
Glins = Gy = 4G,
Proof: Since G = (G1)" " (Gpyr)" for n=mk +r (0 <r < k), we consider
Gl(cn-l-?: G/(jz 3
_ (k) _ qn(k) _ (k)
- (G + 3Gkn 1 + SGkn 2 + Gkn 3> (Gkn+3 3Gkn+2 + 3Gkn+1 Gkn>
(k
- 2Gkn + 3Gkn 1 + 3Gkn 2 + Gkn 3 Gkn)+3 + 3Gkn+2 - 3Gkn+1
Then, we have
k k k)
Gl(m)+3 - Gl(m) 37 G(n 3t Gkn+3 - 2G](€ G(n 1+ 3Glm 2t 3szn+2 - 3G1(m+1
By Theorem 3.5 and Theorem 3.6, we obtain G(n ,+ Gkn g = G,(J:L and G,m+2 — G,(;;H =
G,(jl) So, we get
26" —26" L =26 1 3G 4 3G
2 (Gl(c]:’b)-i-S - Gkn—3> - 8Gkn
k k k
Glins = Glas = 4Gy,
Corollary 3.7. Let n be a positive integer. Then
3 3 3
Gy — G = 4G5,
Proof: For k = 3, the corollary follows by Theorem 3.7.
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Theorem 3.8. Let n, k be positive integers. Then
k
Gl(cn+3 + Gkn - Gl(enJrQ + 2Gk:n 1 + 3Gkn 2 + Gl(cn)fii'

Proof: We have G = (Gm)k_T(GmH)T for n =mk+1r (0 <r < k). By Theorem 3.1
and Theorem 3.5, we consider

k k k k k k k k

6,0+ G = (G + 36, 1368, + GEL) + (6, - 6.,)
_ (k)
Gn+2+2Gkn 1+3Gkn 2+Gkn 3" 0
Corollary 3.8. Let n be a positive integer. Then
3 3 3 3 3 3
Gl + Gl = Gl +265) 1 +3G5), + G5,

Proof: For k = 3, the corollary follows by Theorem 3.8. a

Theorem 3.9. Let n, k be positive integers Then
k) (k k

kn+3

Proof: We have G = (Gm)k_r(GmH)T for n =mk+1r (0 <r < k). By Theorem 3.1
and Theorem 3.5, we consider

Gl(CkT:L)+3 - Gg;) = (Gkn + 3Gkn 1t 3Gkn 2t Gé];)f:;) - <Gl(<:]:1)+1 - Gggq)
= 3G,m_1 + SG,m_2 + G,m_3. O
Corollary 3.9. Let n be a positive integer. Then
Gilis — GS) = 3GS) | +3G5) , + G5y,
Proof: For k = 3, the corollary follows by Theorem 3.9. O
Theorem 3.10. Let n, k be positive integers. Then
Gl(cn 3T Gkn 2 T G]({)’:’L 1= GIE?’:’L+3 2Gkn+2 + 2Gkn+1 B Gl(cl:z)

Proof: We have G = (Gp)" " (Gps1)" for n = mk +r (0 < r < k). By Theorem
3.1, Theorem 3.3 and Theorem 3.6, we obtain

k k k
Glo—s + Gl + Gl
k) k k k
(Gl(m-i-fﬂ B 3Glm+2 + 3szn+1 - Gl(<m)> + (Gl(m—‘rQ - 2Gkn+1 + G ) + (Gl(m)—‘rl B Gl(m))
k
= Gkn+3 2Gkn+2 + 2Gkn+1 - Ggm) .
Corollary 3.10. Let n be a positive integer. Then
3 3 3 3
Gy s+ G5, +GY) | = G3n+3 2Gi(’>n)+2 + QGZ(’m)—i—l -GS
Proof: For k = 3, the corollary follows by Theorem 3.10. O

Example 3.1. From Corollary 3.10, if we consider in case n = 1, we have
Gy - 269 + 269 - GY
= a” 4 3a’b + 3ab® + b* — 2 (a®b + 2ab® + b°) + 2 (ab® + b°) — (ab® + %)
= a® + a®b + ab®
=GV + 6P + 6P
Theorem 3.11. Let n be a positive integer. Then
Gu(Gror)” = Gl — 2G5, + G,



806 P. SINGAVANANDA, H. KUSA-A, S. CHAKAPI AND A. DENPHETNONG

Proof: We have G = (Gp) " (Gpgr)” for n=mk + 17 (0 <r < k). Consider
Gn(anl)Q = Gn(GnJrl - Gn)2
= G,G2 —2G2Gh + G2
= Gz()i)ﬁ ZG(n—H + G3n
Theorem 3.12. Let n be a positive integer. We have
Gt (Ga)? = Gilyy — Gy — 26505, — GG,
Proof: Since GYY) = (G)* " (Gyr)” for n =mk +1r (0 <r < k), we consider
Gn—l(Gn>2 - Gn 1(Gn+1 - Gn—1)2
= G- 1Gn+1 QGi—lGn—I—l + G?z—l
= Gn+1 (Grr — Gyp) — 2Gi—1(Gn + Gn1) + G731—1
=G —G.G: —2G: G, — G},
= Gz(),?;3+3 - Gén+2 2G3n 2 GSn 3
Theorem 3.13. Let n be a positive integer. We have
Gn(Gn+1)2 = Gg::l) + QGg?:z)—l + Ggi)—?
Proof: Since G = (Gp) " (Gpgr)" for n =mk +r (0 <r < k), we obtain
Gn(Gn+1)2 = Gn(Gn + Gn—1>2
= G? +2G, G2+ G2 G,
3 3 3
= Gi(’m) + 2G:(’m)—1 + ng)—?
Theorem 3.14. Let n be a positive integer. We have
Grat(Gn)? = =G5y + 2G5, + GY) , + GY) .
Proof: We have G = (Gp) " (Gpgr)" for n=mk + 17 (0 <7 < k). Then
Gn+1 (Gn)2 = Gn+1(Gn+1 - anl)2
= Giﬂ 2G721+1Gn71 + quGnH
= Gi-{-l - 2G31+1 (Gn—H -G ) + Gi—l(Gn + Gn—l)
= -Gy 1 +2G,Go + GG, + G,y
= _G3n+3 + 2G(n+2 +GY) L+ GY)
Theorem 3.15. Let n be a positive integer. We have
(Gpi1)? =GP 1365, +363 _,+GP .
Proof: Since G = (G1)" " (Gpsr)" for n=mk +r (0 < r < k), we consider

(Gn+1)3 - (Gn + Gn—1)3
=G> +3G,1G: +3G2_,G,, + G2 _,

= G:(si) + 3G(n 1t 3G3n 2 T G:(si)f:a-
Theorem 3.16. Let n be a positive integer. We have
(Gny2)® = G3n + 3G3n+1 + 3G3n+2 + Gi(’)?;3+3‘
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Proof: Since G = (Gp)* " (Gpyr)" for n=mk +1r (0 <17 < k), we obtain

(Gn+2)3 = (Gn + Gn+1)3
= 6% 4+ 3G2Gsn +3GaG2,, + G2,

=Gy + 3G3n+1 + 3G3n+2 + G§i+3- U
Theorem 3.17. Let n be a positive integer. Then
(Gnys)® = G5y + 3GY) 4 +3GE) o + GY)
n+3 3n+3 3n+4 3n+5 3n+6-
Proof: We have G = (G)* " (Gpyr)” for n =mk +r (0 <r < k). We obtain

(Gn+3)3 = (Gn—i-l + Gn+2)3
=Gy +3G5 1 Goia + 3G Gl + G L
- G3n+3 + 3G3n+4 + 3G?m+5 + G3n+6‘ O
Theorem 3.18. Let k, n, t be positive integers. Then
(4) ~(k+1) (1—k) (6) _
>2 _ {G4nGk+1 )(n41 G(l k)(n—1) — Goppops t=1

0, t#1

3) 3) 3)
Gkt G kg2 <G3n+k+t—l

Proof: For t = 1, we obtain

(3) (3)
G3n+k+1G3n+k—1 - ( 3n+k>

<G$ZL k+1)G 31 1)+(k+2)> - <Gé2)+k>2
(GG (GI°6E) — (61 Gh)
(GLGEHGITE) — (63 G2%)

G4n GE::[B(nH)Gg::g(n—n - Géiz)—&-%'

G
G

For t # 1, we obtain
Gé?:~3+k+th(?,:jz)+k+t—2 - <Gi(jz)+k+t—1>2
= G(3 - (G(%L)+(k+t1)>2
_ (GB—k—tGﬁj-_tl) (G3 k— t+2G7k1::ii-_tl 2) (G3 k— t+1G7lzit1 1)2
(Gs 2k— 2tGilj_—|i2t 2) (GS 2k— QtGiliii% 2)

= 0. O

3)
+(k+t)G3(n)+(k+tf2)

Theorem 3.19. Let n be a positive integer. Then
2
k) k
Gl(ankm 2 <Gl(cn)71> =0.
Proof: We have G’ = (Gp) " (Gpgr)" for n =mk +r (0 <r < k). We obtain
(k) (k) ® VL Ak Ak () 2
Gkn Gkn—2 - (Glm—l) - Gk(n)+0Gk(n—1)+(k—2) - <Gk(n—1)+(k—1))

— (G%) (G2_,GE?) — (G a GEY)?
— GQk—QGZ , - G2 1G2k—2
= 0. O

Theorem 3.20. Let n be a positive integer. Then

=3\ ) (k=3)
Z ( )kasﬂ = G3n+3G(k 3)(n+2)

1
=0
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Proof: Since G = (Gm)k_r(GmH)r for n =mk+r (0 <r < k), and the well known
binomial property, we obtain

k—3 -3
i kn+3+it i k(n)+(341)

o

i=0 =0
k—3
k—3 k—(3+i i
- Z ( 7 )Gn (3+)G§:rl
1=0
k-3
k - 3 k—3—1 341
i=0
k-3
=G ) ( Z. )G’; e
=0
- Gi-s—l (Gn + Gn+1>k_3
_ @3 (k—3)
= Gin3G (h-3)(nr2) 0

4. Discussion and Conclusion. In this paper, we have proved some theorems con-
cerning the k-generalized Fibonacci numbers, especially in the case kn 4+ r where r €

{0,1,2,3}. In Theorem 3.1, Theorem 3.2, and Theorem 3.5, we have written G,(jb)ﬂ,

G,(QJFZ and G,g;)% in terms of G,Ef:l)_r where r € {0, 1,2,3}. Mereover, in Theorem 3.3 and
Theorem 3.6, we have written G,(;;)_Q and G,Ef;)_?, in terms of G,(;;)Jrr where r € {0,1,2,3}.
Moreover, in case of Gg;)_l, it is easy to see in Theorem 3.1. Furthermore, we have given

the difference of G,(!;) 4, and Gg;)_r where r € {0,1,2,3} in Theorem 3.4 and Theorem

3.7. Moreover, we express generalized Fibonacci number in the form of k-generalized Fi-
bonacci number distributions in Theorems 3.11-3.17.

In the future, the researchers can investigate the boundary of k-generalized Fibonacci
sequences.
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