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ABSTRACT. In this paper, we introduce the motions of essential ideals and 0-essential
ideals of ternary semigroups and the concept of their fuzzifications. This study examines
relationships between essential ideals and their fuzzifications and relationships between
0-essential ideals and their fuzzications. In addition, we propose the concept of mini-
mal (prime, semiprime) essential ideals and minimal (prime, semiprime) essential fuzzy
ideals of ternary semigroups and provide the relationships between them. Moreover, we
investigate in the same manner in the case of 0-essential ideals and 0-essential fuzzy
ideals.

Keywords: Essential ideals, 0-essential ideals, Essential fuzzy ideals, 0-essential fuzzy
ideals, Maximal, Prime, Semiprime

1. Introduction. A ternary semigroup is a nonempty set equipped with an associative
ternary operation so that any semigroup can be reduced to a ternary semigroup but a
ternary semigroup does not necessarily reduce to a semigroup [1, 2]. One knows that
ideal theories play an important role in many algebraic structures. The classical of fuzzy
sets was introduced in 1965 by Zadeh [3] and after that the concept of fuzzy sets has
been educated in various fields. The notion of fuzzy semigroups was extended to many
algebraic structures, and one of those is the concept of fuzzy ternary semigroups [4, 5, 6, 7].
The concept of essential fuzzy ideals of rings was explored by Medhi et al. in 2008 [8].
Later in 2013, Medhi and Saikia [9] investigated the notion of T-fuzzy essential ideals of
rings. In 2021, Baupradist et al. [10] examined essential ideals and essential fuzzy ideals in
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semigroups. Moreover, they also studied 0-essential ideals and 0-essential fuzzy ideals in
semigroups. Later, essential (m,n)-ideals and essential fuzzy (m,n)-ideals in semigroups
were proposed in [11]. Recently, essential UP-ideals and t-essential fuzzy UP-ideals of
UP-algebras were found out in [12].

The purposes of this study were to investigate essential ideals and essential fuzzy ideals
in ternary semigroups. Our main results are divided into the following sections. In Section
2, we provide definitions that we will be used throughout this paper. In Section 3, we focus
our work on essential ideals and essential fuzzy ideals in ternary semigroups. In Section
4, we investigate 0-essential ideals and 0-essential fuzzy ideals of ternary semigroups with
zero in the same manner as Section 3. In the final section, Section 5, we summarize the
main results of our work and give the suggestion for further research.

2. Preliminaries. In this section, we recall some basic concepts that will be used throu-
ghout this paper.

2.1. Ternary semigroups.
Definition 2.1. A ternary semigroup is a nonempty set T together with a ternary
operation (a,b, c) — [abc] satisfying the associative law
[[abcluv] = [albeu]v] = [ablcuv]] for all a,b,c,u,v € T.
Example 2.1. Let Z~ be the set of all negative integers. We have that Z~ is a ternary

semigroup under multiplication over integer numbers. It is easy to see that Z~ 1is not a
binary semigroup under multiplication over integer numbers.

For three nonempty subsets A, B and C of a ternary semigroup 7', let
[ABC| = {[abc] | a € A,b € B,ce C}.

Definition 2.2. Let T be a ternary semigroup. An element O in T is called a zero of T
if [0zy] = [20y] = [xy0] = O for all z,y € T, and we call T' a ternary semigroup with zero.

Definition 2.3. Let T be a ternary semigroup. A non-empty subset A of T is called
(1) a ternary subsemigroup of T if [AAA] C A,
(2) a left ideal of T if [TTA] C A,
(3) a right ideal of T if [ATT] C A,
(4) a lateral ideal of T if [TAT] C A,
(5) an ideal if A is a left, right and lateral ideal of T

Definition 2.4. Let X be a nonempty subset of a ternary semigroup T'. The tdeal of T
generated by X is the intersection of all ideals of T' containing X, denoted by (X);.

For any non-empty set X of a ternary semigroup 7', we have that
(X), =XU[XTT|U[TTX|U[TXT|U[TTXTT).
2.2. Fuzzy subsets. A fuzzy subset of a set S is a membership function from S into

[0,1]. A set S is also a fuzzy subset by S(x) =1 for all x € S. For any two fuzzy subsets
fand g of S,

1) fNgis a fuzzy subset of S defined by
(f N g)(x) = min{f(z),g(x)}

for all z € S,
2) fUg is a fuzzy subset of S defined by

(f Ug)(x) = max{f(z), g(x)}
for all z € S' and
3) fCygif f(x) <g(x) forall x € S.
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For a fuzzy subset f of a set S, the support of f is defined by

supp(f) = {x € 5| f(z) # 0}.
The characteristic mapping of a subset A of a set S is a fuzzy subset of S defined by

o 2ot

The concept of fuzzy semigroups was extended to many algebraic structures, and one
of those is the concept of fuzzy ternary semigroups which were defined as follows.

Definition 2.5. A fuzzy subset f of a ternary semigroup T is called a fuzzy ideal of T
if f([zyz]) = max{f(z), f(y), f(2)} for allz,y,z € T.

Definition 2.6. For any three fuzzy subsets f1, fo and f3 of a ternary semigroup T. The
product [fy o fao f3] of f1, fo and f3 is defined by

[fi0 foo fsl(y) = {S“Py=[y1y2y3} min{ f1(y1), f2(y2), fa(ys)} if y € [TTT),

0 otherwise.

Then a fuzzy subset f of a ternary semigroup 7T is a fuzzy ternary subsemigroup of T’
if and only if [fo foT|C f,[foTof]C fand [To fo f]Cf.

3. Essential Ideals and Essential Fuzzy Ideals. In this section, the algebraic struc-
tures namely essential ideals and essential fuzzy ideals of ternary semigroups will be
presented.

Definition 3.1. An ideal I of a ternary semigroup T is called an essential ideal of T
if INJ # 0 for every ideal J of T.

Example 3.1. (1) We have that T is an essential ideal of a ternary semigroup T .
(2) Let T be a ternary semigroup with zero. So for every ideal I and J, we have 0 € INJ.
Therefore, every ideal of T is an essential ideal of T'.

Proposition 3.1. Let I be an essential ideal of a ternary semigroup T. If I' is any ideal
of T containing I, then I' is also an essential ideal of T

Proof: Assume that [ is an essential ideal of T" and let I’ be any ideal of T" such that
ICI. SoInJCI'nJandINJ # 0 for every ideal J of T'. This implies that I'NJ # ()
for every ideal J of T'. Therefore, I’ is an essential ideal of T'. a

Proposition 3.2. Let T be a ternary semigroup. The following statements are true.

(1) The union of any two essential ideals of T is also an essential ideal of T
(2) The intersection of any two essential ideals of T is also an essential ideal of T

Proof: Assume that I; and 5 are any two essential ideals of a ternary semigroup 7.

(1) Since I; C I; U I and I; is an essential ideal of T', by Proposition 3.1, we have
I, U I is an essential ideal of T'.

(2) Let J be any ideal of T. Thus, I N J # (. So there exists z € [ N J. Let y € Is.
Then [zzy] € (I, N I3) N J. Therefore, (I; N Iy) N J # (). Hence, I} N I, is an essential
ideal of T O

Next, we extend the notion of essential ideals of ternary semigroups to the concept of
essential fuzzy ideals of ternary semigroups that will be defined as follows.

Definition 3.2. A nonzero fuzzy ideal f of a ternary semigroup T is called an essential
fuzzy ideal of T if f N g # 0 for every nonzero fuzzy ideal g of T

The two following theorems investigate relationships between essential ideals and es-
sential fuzzy ideals of a ternary semigroup.
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Theorem 3.1. An ideal I of a ternary semigroup T is essential if and only if x1 is an
essential fuzzy ideal of T'.

Proof: Assume that [ is an essential ideal of a ternary semigroup T and let ¢ be any
nonzero fuzzy ideal of T. Then supp(g) is an ideal of T. Thus, I N supp(g) # 0. So there
exists © € S such that x € I N supp(g), and this implies that (x; N g)(x) # 0. Therefore,
xr N g # 0. Hence, xs is an essential fuzzy ideal of T'. Conversely, assume that x; is an
essential fuzzy ideal of T'. Let J be any ideal of T. Thus, x; is a nonzero fuzzy ideal of
T. Then x; N xs # 0. It implies that x;~s # 0. Hence, I N J # (). 0

Theorem 3.2. A nonzero fuzzy ideal f of a ternary semigroup T is essential if and only
if supp(f) is an essential ideal of T

Proof: Assume that f is essential. Since f is a fuzzy ideal of T', supp(f) is an ideal
of T. Let J be any ideal of T. Then f N y; # 0. So there exists © € T such that
(fNxs)(x) # 0. Thus, f(z) # 0 and xs(z) # 0. Hence, x € supp(f) N J. This implies
that supp(f) NJ # 0, so supp(f) is an essential ideal of T. Conversely, assume that
supp(f) is an essential ideal of 7. Let g be a nonzero fuzzy ideal of T. Then supp(g)
is an ideal of T and so supp(f) N supp(g) # 0. Thus, there exists z € S such that

x € supp(f) N supp(g), so f(z) # 0 and g(x) # 0. Therefore, (f Ng)(x) # 0. Hence,
fNg=#0. Therefore, f is essential. O

Proposition 3.3. Let f be an essential fuzzy ideal of a ternary semigroup T. If [’ is a
fuzzy ideal of T such that f C f', then f' is also essential.

Proof: Assume that f is an essential fuzzy ideal of T" and let f’ be a fuzzy ideal of T
such that f C f’. Let g be any fuzzy ideal of T. Thus, f N g # 0. So f' N g # 0. Hence,
f' is essential. a

Theorem 3.3. Let T be a ternary semigroup. The following statements are true.

(1) The union of any two essential fuzzy ideals of T is an essential fuzzy ideal of T.

(2) The intersection of any two essential fuzzy ideals of T is an essential fuzzy ideal of
T.

Proof: (1) It follows by Proposition 3.3.

(2) Assume that f; and f, are essential fuzzy ideals of T. Then f; N fy is a fuzzy ideal
of T. Let g be a nonzero fuzzy ideal of T. Then f; N g # 0. Thus, there exists x € S such
that (fi1 Ng)(z) # 0. Then fi(x) # 0 and g(x) # 0. Since fy # 0, let y € S be such that
f2(y) # 0. Since f; and f, are fuzzy ideals of T,

fillezy)) = max{ fi(2), f1(y)} = fi(x) >0
and
faollzzy]) = max{ fa(2), f2(y)} = fo(y) > 0.
So (fi N fo)([zzy]) = min{ fi([zzy]), fo([xxy])} # 0. Since g is a fuzzy ideal of T and

g(x) 0, gllwzy]) # 0. So [(fy N f2) N g]([wzy]) # 0. Therefore, [(fi N f2) N g] # 0. This
implies that f; N f, is an essential fuzzy ideal of T O

Next, we propose the concept of minimal (prime, semiprime) essential ideals and min-
imal (prime, semiprime) essential fuzzy ideals of ternary semigroups.

Definition 3.3. An essential ideal I of a ternary semigroup T is called minimal if for
every essential ideal J of T" such that J C I, we have J = I.

Example 3.2. Let T be a ternary semigroup with zero. Then {0} is a unique minimal
essential ideal of T'.

Definition 3.4. An essential fuzzy ideal f of a ternary semigroup T is called minimal
if for every essential fuzzy ideal g of T such that g C f, we have supp(f) = supp(g).
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In the remainder of this section, we provide the relationships between minimal (prime,
semiprime) essential ideals and minimal (prime, semiprime) essential fuzzy ideals of
ternary semigroups.

Theorem 3.4. A nonempty subset A of a ternary semigroup T is a minimal essential
ideal of T if and only if x4 is a minimal essential fuzzy ideal of T.

Proof: Assume that A is a minimal essential ideal of T. By Theorem 3.1, we have x4
is an essential fuzzy ideal of T'. Let f be any essential fuzzy ideal of T such that f C ya.
Thus, supp(f) C supp(xa) = A. By Theorem 3.2, supp(f) is an essential ideal of T
So supp(f) = A because A is minimal. Therefore, supp(f) = supp(xa). Hence, x4 is
minimal.

To prove the converse, assume that x4 is a minimal essential fuzzy ideal of 1" and let
B be an essential fuzzy ideal of T such that B C A. So xp is an essential fuzzy ideal of T
such that xp C xa. Therefore, B = supp(xp) = supp(xa) = A. Hence, A is minimal. O

Definition 3.5. Let T" be any ternary semigroup.
(1) An essential ideal A of T is called prime if

[zyz] € A impliesx € A orye Aorze A forallx,y,z€T.

(2) An essential fuzzy ideal f of T is called prime if
F(ixy)) < max{ f(2), f(9), ()} for all 29,7 € T.

Theorem 3.5. A nonempty subset A of a ternary semigroup T is a prime essential ideal
of T if and only if xa is a prime essential fuzzy ideal of T.

Proof: Assume that A is a prime essential ideal of T. We have x4 is an essen-
tial fuzzy ideal of T' by Theorem 3.1. Let z, y and z be any three elements of T. If
[zyz] € A, then we have that © € A ory € A or z € A because A is prime. Thus,
max{xa(z),xa(y),xa(z)} = 1 > xa([zyz]). Otherwise, if [zyz] ¢ A, then we have
xa([zyz]) = 0 < max{xa(x),xa(y),xa(z)}. By both two cases, we conclude that x4
is a prime essential fuzzy ideal of T'. Conversely, assume that y 4 is a prime essential ideal
of T. It follows by Theorem 3.1 that A is an essential ideal of T. Let z, y and z be
any three elements of 7" such that [xyz] € A. This implies that x4([zyz]) = 1. Since A

is prime, ya([zyz]) < max{xa(z), xa(y), xa(2)}. So max{xa(z),xa(y),xa(2)} must be
equal to 1 and thus z € Aory € A or z € A. Hence, A is a prime essential ideal of T.. O

Definition 3.6. Let T be a ternary semigroup.

(1) An essential ideal A of T is called semiprime if for all x € T, [zxx] € A implies
x € A.
(2) An essential fuzzy ideal f is called semiprime if for allx € T, f([zxzx]) < f(x).

Theorem 3.6. A nonempty subset A of a ternary semigroup T is a semiprime essential
tdeal of T if and only if x4 1s a semiprime fuzzy essential fuzzy ideal of T.

Proof: Assume that A is a semiprime essential ideal of T. By Theorem 3.1, we have
X4 is an essential fuzzy ideal of T'. Let = be any element of T'. If [zzx] € A, then we have
x € A because A is semiprime. This implies that xa(z) = 1. Hence, xa(z) > xa([zzz]).
Otherwise, if [zzx] € A, then we have y4([zzz]) = 0 < xa(x). By both two cases, we
conclude that x4 is a semiprime essential fuzzy ideal of T. Conversely, assume that x4
is a semiprime essential fuzzy ideal of T'. By Theorem 3.1, we have that A is an essential
ideal of T'. Let x € T such that [zxz] € A. So xa([zzz]) = 1. Since x4 is semiprime,
xa([zzz]) < xa(x). Since xa([zzz]) = 1, xa(x) must be equal to 1. Therefore, = € A.
Hence, A is a semiprime essential ideal of T O
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4. 0-Essential Ideals and 0-Essential Fuzzy Ideals. In this section, we focus our
results on 0-essential ideals and 0-essential fuzzy ideals of a ternary semigroup with zero.

Definition 4.1. Let T be a ternary semigroup with zero. A nonzero ideal I of T is called
a 0-essential ideal of T if I N J # {0} for every nonzero ideal J of T.

Example 4.1. Consider the ternary semigroup (Zy2,+). We have that {0,2,4,6,8,10}
and Zo are only 0-essential ideals of Zq-.

Proposition 4.1. Let T be a ternary semigroup with zero and I be a 0-essential ideal of
T. If I’ is an ideal of T containing I, then I' is also a 0-essential ideal of T

Proof: Assume that [ is a O-essential ideal of T" and let I’ be any ideal of T" such that
I C I'. Let J be any nonzero ideal of T. Thus, I NJ # {0}. So I’ N J # {0} because
INJ CI'NnJ. Hence, I’ is a 0-essential ideal of T O

Proposition 4.2. Let T be a ternary semigroup with zero. The following statements hold.

(1) The union of any two 0-essential ideals of T is also a 0-essential ideal of T.
(2) The intersection of any two 0-essential ideals of T is also a 0-essential ideal of T'.

Proof: (1) This follows by Proposition 4.1.

(2) Assume that I; and I, are any two O-essential ideals of 7. Then I; N I is an ideal
of T'and I N Iy # {0}. Let J be any nonzero ideal of 7. Then I; N J # {0}. So there
exists a nonzero element z € I; N J. Let (x); be an ideal of T' generated by z. Then
(x); # {0}. So (z); NIy # {0}; thus, there exists a nonzero element y € (x); N Iy. Then
y € (LN 1I)NJ. Hence, I} N I is a O-essential ideal of T O

Definition 4.2. Let T be a ternary semigroup with zero. A fuzzy ideal f of T is called a
nontrivial fuzzy ideal of T if there exists a nonzero element x € T such that f(x) # 0.

Next, we introduce the definition of 0-essential fuzzy ideals of a ternary semigroup with
zero and provide relationships between those ideals and 0-essential ideals of such ternary
semigroup with zero as shown in the following results.

Definition 4.3. Let T be a ternary semigroup with zero. A fuzzy ideal f of T is called a
0-essential fuzzy ideal of T if supp(f N g) # {0} for every nontrivial fuzzy ideal g of
T.

Theorem 4.1. Let T be a ternary semigroup with zero and I be a nonzero ideal of T'.
Then I is a 0-essential ideal of T if and only if x; is a 0-essential fuzzy ideal of T

Proof: Assume that I is a 0-essential ideal of T. Let g be a nontrivial fuzzy ideal of T
Thus, supp(g) is a nonzero ideal of T'. So I Nsupp(g) # {0}. Thus, there exists a nonzero
element x € I N supp(g), and this implies that (x; N g)(x) # 0. Hence, x € supp(xr N g).
Therefore, y; is a 0-essential fuzzy ideal of T'. To prove the converse, assume that yy is
a 0O-essential fuzzy ideal of T and let J be a nonzero ideal of T'. Thus, x; is a nontrivial
fuzzy ideal of T'. So supp(x; N xs) # {0}. Thus, x;ns # X10y. Hence, I N J # {0}. O

Theorem 4.2. Let T be a ternary semigroup with zero and f be any fuzzy ideal of T'.
Then f is a 0-essential fuzzy ideal of T' if and only if supp(f) is a 0-essential ideal of T

Proof: Assume that [ is a 0-essential ideal of T" and let g be a nontrivial fuzzy ideal of T'.
Then supp(g) is a nonzero ideal of T. So I N supp(g) # {0}. Thus, there exists a nonzero
element = € I N supp(g). It implies that (x; N g)(x) # 0. Hence, supp(xr N g) # {0}.
Therefore, y; is a 0-essential fuzzy ideal of T'. To prove the converse, assume that yy is
a 0O-essential fuzzy ideal of T and let J be a nonzero ideal of T'. Thus, x; is a nontrivial
fuzzy ideal of T'. Then supp(x; N xs) # {0}. Therefore, I N J # {0}. 0
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Proposition 4.3. Let T be a ternary semigroup with zero and f be a 0-essential fuzzy
ideal of T. If " is a fuzzy ideal of T such that f C f', then f' is also a 0-essential fuzzy
ideal of T.

Proof: Assume that f is a O-essential fuzzy ideal of T" and let f’ be a fuzzy ideal of
T such that f C f’. Let g be any nontrivial fuzzy ideal of T. Thus, supp(f N g) # {0}.
This implies that supp(f’ N g) # {0}. Hence, f’ is a 0-essential fuzzy ideal of T. a

Theorem 4.3. Let T be a ternary semigroup with zero. The following statements are
true.

(1) The union of any two 0-essential fuzzy ideals of T is a 0-essential fuzzy ideal of T.
(2) The intersection of any two 0-essential fuzzy ideals of T is a 0-essential fuzzy ideal
of T.

Proof: (1) It follows by Proposition 4.3.

(2) Assume that f; and f, are any two O-essential fuzzy ideals of T. Thus, f; N fy is
a fuzzy ideal of T. Let g be any nontrivial fuzzy ideal of T". This implies that supp(f; N
g) # {0}. So there exists a nonzero element x € T such that (f; N g)(z) # 0. Since
fo is a O-essential fuzzy ideal of T', we have supp(fs) is a O-essential ideal of T. Hence,
supp(f2)N(x); # {0}. Then there exists a nonzero element y € supp(f2)N(x);. This implies
that fo(y) # 0. Since f; and g are fuzzy ideals of T', fi(y) > fi(z) and g(y) > g(z). So
((finfa)Ng)(y) # 0. Then supp[(fi N f2) Ng] # {0}. Hence, fi N fo is a O-essential fuzzy
ideal of T a

Next, we extend the concept of minimal (prime, semiprime) essential ideals and mini-
mal (prime, semiprime) essential fuzzy ideals of a ternary semigroup in Section 3 to the
concept of minimal (prime, semiprime) O-essential ideals and minimal (prime, semiprime)
O-essential fuzzy ideals of a ternary semigroup with zero, respectively.

Definition 4.4. Let T be a ternary semigroup with zero. A 0-essential ideal I of T 1is
called minimal if for every 0-essential ideal J of T such that J C I, we have J = 1.

Example 4.2. Consider the ternary semigroup (Zi2,+). We have that {0,2,4,6,8,10}
1 a unique 0-essential ideals of Zis.

Definition 4.5. Let T' be a ternary semigroup with zero. A 0-essential fuzzy ideal f of
T is called minimal if for every 0-essential fuzzy ideal g of T such that g C f, we have

supp(f) = supp(g).
Theorem 4.4. Let T be a ternary semigroup with zero and A be a nonempty subset of

T. Thus, A is a minimal 0-essential ideal of T if and only if x4 is a minimal 0-essential
fuzzy ideal of T'.

Proof: This is similar to Theorem 3.4. O

Definition 4.6. Let T' be a ternary semigroup with zero.
(1) A 0-essential ideal A of T is called prime if for all x,y,z € T, [xyz] € A implies
re€AoryeAorzeA.
(2) A 0-essential fuzzy ideal g of T is called prime if for all x,y,z € T, f([zyz]) <
max{f(z), f(y), f(2)}.

The next theorem shows the relationship between prime 0-essential ideals and prime
O-essential fuzzy ideals of a ternary semigroup with zero.

Theorem 4.5. Let T be a ternary semigroup with zero and A be a nonempty subset of
T. Then A is a prime 0-essential ideal of T if and only if x4 is a prime 0-essential fuzzy
ideal of T.

Proof: This is similar to Theorem 3.5. O
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Definition 4.7. Let T be a ternary semigroup with zero.

(1) A 0-essential ideal A of T is called semiprime if for all x € T, [xxx] € A implies
r €A
(2) A 0-essential fuzzy ideal f of T is called semiprime if for all x € T, f([xxz]) <

().

Finally, we give the relationship between semiprime O-essential ideals and semiprime
O-essential fuzzy ideals of a ternary semigroup with zero.

Theorem 4.6. Let T be a ternary semigroup with zero and A be a nonempty subset of T
Then A is a semiprime 0-essential ideal of T if and only if x4 is a semiprime 0-essential

fuzzy ideal of T'.

Proof: This is similar to Theorem 3.6. O

5. Conclusion. In this paper, we proved that the union and intersection of essential
ideals (0-essential ideals, essential fuzzy ideals, O-essential fuzzy ideals) of a ternary semi-
group are also an essential ideal (0-essential ideals, essential fuzzy ideals, 0-essential fuzzy
ideals) of that ternary semigroup, respectively.

In addition, the study revealed that an ideal I of a ternary semigroup 7' is essential
if and only if x; is an essential fuzzy ideal of T" and it was found that a nonzero fuzzy
ideal f of T is an essential fuzzy ideal if and only if supp(f) is essential. In the same
manner, the study indicated that a nonzero ideal I of a ternary semigroup with zero T’
is O-essential if and only if y; is a 0-essential fuzzy ideal of T and it was found that any
fuzzy ideal f of T is a 0-essential fuzzy ideal if and only if supp(f) is O-essential.

Moreover, we showed that a nonempty subset A of a ternary semigroup 7' is a minimal
(prime, semiprime) essential ideal of 7" if and only if x 4 is a minimal (prime, semiprime)
essential fuzzy ideal of T, respectively. In the same way, we obtained that a nonempty
subset A of a ternary semigroup with zero 7" is a minimal (prime, semiprime) 0O-essential
ideal of T" if and only if x4 is a minimal (prime, semiprime) 0-essential fuzzy ideal of T’
respectively.

In the future work, we can study essential ideals and their fuzzifications in another
algebraic structures. For example, we can define essential hyperideals and essential fuzzy
hyperideals in semihypergroups.
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