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Abstract
The concepts of left and right bases of G -semigroups were introduced by Changphas 

and Kummoon. In this paper, we introduce the concepts of the left and right bases of po- G
-semigroups and extend the results in G -semigroups to po- G -semigroups. We focus on 
the structure of po- G -semigroups containing the right bases. In addition, we prove that all 
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of the right bases of a po- G -semigroup have the same cardinality and conclude that a non-
empty po- G -semigroup eliminating the union of its all right bases is a left G -ideal of such 
po- G -semigroup.

Subject Classification: (2010) 20M99.

Keywords: Po-G-semigroups, Left (right) G-ideals, Left (right) bases.

1. Introduction

The concept of semigroups is the one of the algebraic structures which 
was widely studied. There are many generalizations, for example, G
-semigroup, ordered semigroups, ternary semigroups, etc. Furthermore, 
semigroup theories were also applied in decision making [7]. In 1955, 
Tamura [9] introduced the notion of a right (left) base of semigroups as 
follows:

Definition 1.1 : A non-empty subset A of a semigroup S is called a right (left) 
base of S if it satisfies the following two conditions: = ( = )S A SA S A ASÈ È  
and if B is a subset of A such that = ( = )S B SB S B BSÈ È  then = .B A  

Later, Fabrici [2] examined the structure of semigroups containing 
the right bases. Recently, Changphas and Kummoon [1] introduced the 
notion of the left and right bases of G -semigroups.

In this paper, we introduce the concepts of left and right bases of 
po- G -semigroups and extend the results in G -semigroups to po- G
-semigroups. First of all, we provide some definitions notations and 
results which will be used for this paper.

Sen [5] defined G -semigroups as a generalization of semigroups as 
follows:

Definition 1.2 : Let S and G  be any two non-empty sets. Then S is called a 
G-semigroup if there is a mapping from  S S´ G ´  into S, written as ( , , )a ba  
by ,a ba  such that ( ) = ( )a b c a b cg b g b  for all , ,a b c SÎ  and all , .a b ÎG  

Sen and Seth [6] introduced the concept of po- G -semigroups as 
follows:

Definition 1.3 : A G -semigroup S is called a po-G-semigroup (ordered 
G-semigroup) if there is a relation £  on S such that x y£  implies 
x z y zg g£  and z x z yg g£  for all , ,x y z SÎ  and .g ÎG  
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Throughout this paper, S stands for a po- G -semigroup. For non-
empty subsets A and B of S, the set product A BG  of A and B, and the 
subset ( ]A  of S are defined by : 

= { | , and },A B a b a A b Bg gG Î Î ÎG

and 
( ] = { | for  some }.A x S x y y AÎ £ Î

For ,a SÎ  we write ,a BG  B aG  instead of { } ,a BG  { }B aG  and for 
= { },A x  we write ( ]x  instead of ({ }].x

Definition 1.4 : A non-empty subset A of S is called a G-subsemigroup of 
S if A A AG Í  or a b Ag Î  for all ,a b AÎ  and .g ÎG  

Definition 1.5 : A non-empty subset A of S is called a left (resp. right) 
G-ideal of S if S A AG Í  (resp. )A S AG Í  and if a AÎ  and b SÎ  such that 
b a£  then .b AÎ  

Definition 1.6 : A left G -ideal A of S is called proper if .A S¹  A proper 
left G -ideal B of S is called maximal if for any left G -ideal A of S such that 
B AÍ  implies =B A  or = .A S  

Lemma 1.1 : [4] Let S be a po- G -semigroup and { | }iA i IÎ  a non-empty family 
of left G -ideals of S, then the following statements hold :

(1) If { | } ,iA i IÇ Î ¹ Æ  then the set { | }iA i IÇ Î  is a left G -ideal of S.
(2) The set { | }iA i IÈ Î  is a left G -ideal of S. 

The intersection of all left G -ideals of a po- G -semigroup S, if it is 
non-empty, is a left G -ideal of S. Thus, for a non-empty subset A of S, the 
intersection of all left G -ideals of S containing A, denoted by ( ),L A  is a left 
G -ideal of S containing A, and it is of the form 

( ) = ( ].L A A S AÈ G

In particular, for an element ,a SÎ  we write ( )L a  instead of ({ })L a  
which is called the principal left G-ideal of S generated by a. Thus 

( ) = ( ].L a a S aÈ G

Lemma 1.2 : Let S be a po- G -semigroup. Then the following statements hold:
(1) ( ]A AÍ  for any .A SÍ



162 W. JANTANAN, N. TRIHERA, N. RAIKHAM, R. CHINRAM AND P. PETCHKAEW

(2) If ,A B SÍ Í  then ( ] ( ].A BÍ
(3) ( ] ( ] ( ]A B A BG Í G  for all subsets A and B of S.
(4) (( ]] = ( ]A A  for all .A SÍ
(5)  For every left G -ideal T of S, ( ] = .T T
(6) ( ]S aG  is a left G -ideal of S for every .a SÎ
(7) ( ] = ( ] ( ]A B A BÈ È  for all subsets A and B of S.
(8) If A and B are left G -ideals of S, then A BÈ  is a left G -ideal of S. 

2. Main Results

We begin this section with the definition of a right base of a  
po- G -semigroup as follows:

Definition 2.1 : Let S be a po- G -semigroup. A non-empty subset A of S is 
called a right base of S if it satisfies the following two conditions :

(i) = ( ],S A S AÈ G  i.e. = ( );S L A
(ii) if B is a subset of A such that = ( ),S L B  then = .B A  

For a left base of S defined dually.

Example 2.1 : Let = { , , , }S a b c d  and = { }gG  with the multiplication defined 
by 

g a b c d
a a a a a
b a b b b
c a c c c
d a d d d

and = {( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , )}.a a b b c c d d b a c a d a£  

Then S is a po- G -semigroup [8]. The right bases of S are = { },A a  = { },B b  
= { }C c  and = { }.D d  The left bases of S are the same as the right bases of S.

Example 2.2 : Let = { , , , }S a b c d  and = { }gG  with the multiplication defined 
by 
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g a b c d
a b b d d
b b b d d
c d d c d
d d d  d d

and = {( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , )}.a a b b c c d d a b d b d c£  
Then S is a po- G -semigroup [8]. The right bases of S are = { , }A a c  

and = { , }.B b c  The left bases of S are the same as the right bases of S.

Lemma 2.3 : Let A be a right base of a po- G -semigroup S and let , .a b AÎ  If 
( ],a S bÎ G  then = .a b

Proof : Assume that ,a b AÎ  such that ( ],a S bÎ G  and suppose that 
.a b¹  Let = \{ },B A a  then .B AÌ  Since ,a b¹  we obtain b BÎ . We will 

show that ( ) ( ).L A L BÍ  Let ( ) = ( ].x L A A S AÎ È G  Then x z£  for some 
.z A S AÎ È G  Let .z AÎ  If ,z a¹  then ( ].z B B S AÎ Í È G  Since x z£  

and ( ],z B S BÎ È G  then (( ]] = ( ].x B S B B S BÎ È G È G  So ( ).x L BÎ  If = ,z a  
then by assumption, we have = ( ] ( ].z a S B B S BÎ G Í È G  Since x z£  and 

( ],z B S BÎ È G  then (( ]] = ( ].x B S B B S BÎ È G È G  So ( ).x L BÎ  Next, let 
,z S AÎ G  then =z s cg  for some ,s SÎ  g ÎG  and .c AÎ  If = ,c a  then 

= ( ] =z s a S S bg Î G G ( ] ( ]S S bG G Í ( ( )]S S bG G Í ( ]S bG Í ( ].B S BÈ G  Since x z£  
and ( ].z B S BÎ È G  We obtain (( ]] = ( ].x B S B B S BÎ È G È G  So ( ).x L BÎ  
If ,c a¹  then = ( ].z s c S B B S Bg Î G Í È G  Since x z£  and ( ],z B S BÎ È G  
thus (( ]] = ( ].x B S B B S BÎ È G È G  So ( ).x L BÎ  Hence ( ) ( ).L A L BÍ  By 

= ( ) ( ) ,S L A L B SÍ Í  it follows that ( ) = .L B S  This is a contradiction. 
Therefore, = .a b   

Definition 2.2 : Let S be a po- G -semigroup. Define a quasi-order on S by, 
for any , ,a b SÎ  

( ) ( ).La b L a L b£ Û Í

The symbol <La b  stands for La b£  but .a b¹  
The following example shows that L£  is not a partial order in general.

Example 2.4 : By Example 2.1, we have ( ) ( )L b L cÍ  i.e., Lb c£  and 
( ) ( )L c L bÍ  i.e., Lc b£  but .b c¹  Hence L£  is not a partial order. 

Lemma 2.5 : Let S be a po- G -semigroup. For any , ,a b SÎ  if ,a b£  then .La b£
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Proof : Let ,a b SÎ  such that .a b£  We will show that ,La b£  i.e., 
( ) ( ).L a L bÍ  Suppose that ( ).x L aÎ  Since ( ],x a S aÎ È G  then x y£  for some 

.y a S aÎ È G  We have =y a  or .y S aÎ G  If = ,y a  then .x a b£ £  We obtain 
x b£  for some ( ].b b S bÎ È G  So (( ]] = ( ].x b S b b S bÎ È G È G  Thus ( ).x L bÎ  If 

,y S aÎ G  then =y s ag  for some ,s SÎ  .g ÎG  Since ,a b£  then s a s bg g£  
and ( ].s b S b b S bg Î G Í È G  Hence = (( ]] = ( ].y s a b S b b S bg Î È G È G  Since 
x y£  and ( ],y b S bÎ È G  we get (( ]] = ( ].x b S b b S bÎ È G È G  Thus ( ).x L bÎ  
Therefore, ( ) ( ),L a L bÍ  i.e., .La b£   

Nevertheless, the converse of Lemma 2.5 is not true in general. By 
Example 2.1, we have ( ) ( )L a L bÍ  i.e., La b£  but .a b£

Theorem 2.6 : A non-empty subset A of a po- G -semigroup S is a right base of S 
if and only if A satisfies the following two conditions :

(1) for any x SÎ  there exists a AÎ  such that ;Lx a£
(2) for any two distinct elements ,a b AÎ  neither La b£  nor .Lb a£

Proof : Assume that A is a right base of S. Then = ( ).S L A  Let ,x SÎ  then 
( ].x A S AÎ È G  Since ( ],x A S AÎ È G  we have x y£  for some .y A S AÎ È G  

Thus y AÎ  or .y S AÎ G  If y AÎ  and ,x y£  then Lx y£  by Lemma 
2.5. If ,y S AÎ G  then =y s ag  for some ,s SÎ  g ÎG  and .a AÎ  Since 

( ]y S a a S aÎ G Í È G  and S yG Í ( ) =S S aG G ( )S S aG G Í S aG Í ( ],a S aÈ G  we 
obtain ( ].y S y a S aÈ G Í È G  So, ( ] (( ]] = ( ].y S y a S a a S aÈ G Í È G È G  Thus 

( ) ( ),L y L aÍ  i.e., .Ly a£  Since ,x y£  we have .Lx y£  So L Lx y a£ £  by 
Lemma 2.5. Thus .Lx a£  Hence the condition (1) holds. Let ,a b AÎ  such 
that .a b¹  Suppose .La b£  We set = \{ }.B A a  Then .b BÎ  Let ,x SÎ  by 
(1), there exists c AÎ  such that .Lx c£  Since ,c AÎ  there are two cases 
to consider. If = ,c a  then .Lx b£  So ( ) ( ) ( ).x L x L b L BÎ Í Í  Thus = ( ).S L B  
This is a contradiction. If ,c a¹  then .c BÎ  Hence ( ) ( ) ( ).x L x L c L BÎ Í Í  
So = ( ).S L B  This is a contradiction. The case Lb a£  can be proved similarly. 
Hence the condition (2) holds.

Conversely, assume that the conditions (1) and (2) hold. We will show 
that = ( ).S L A  Let ,x SÎ  by (1), there exists a AÎ  such that ,Lx a£  i.e. 

( ) ( ).L x L aÍ  Then ( ) ( ) ( ).x L x L a L AÎ Í Í  Thus ( ),S L AÍ  and = ( ).S L A  
Next, we will show that A is a minimal subset of S with the property 

= ( ).S L A  Let B AÌ  such that = ( ).S L B  Then there exists a AÎ  and .a BÏ  
Since = ( ] = ( ] ( ].a A S B S B B S BÎ Í È G È G  If ( ],a BÎ  then a y£  for some 

,y BÎ  by Lemma 2.5, we obtain .La y£  This is a contradiction. Thus ( ],a BÏ  
and ( ].a S BÎ G  Since ( ],a S BÎ G  we have a c£  for some .c S BÎ G  Let =c s bg  
for some ,s SÎ  g ÎG  and .b BÎ  Since a c£  and = .c s b S b b S bg Î G Í È G  
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Then ( ],a b S bÎ È G  so S aG Í ( ] =S b S bG È G ( ] ( ]S b S bG È G Í ( ( )] =S b S bG È G
( ( )] =S b S S bG È G G ( ( ) ]S b S S bG È G G Í ( ]S b S bG È G Í ( ].b S bÈ G  Thus 

( ],a S a b S bÈ G Í È G  and ( ] (( ]] = ( ].a S a b S b b S bÈ G Í È G È G  Hence 
( ) ( ),L a L bÍ  i.e., .La b£  This is a contradiction. Therefore, A is a right base 

of S. 
If a right base A of a po- G -semigroup S is a left G -ideal of S, then 

= ( ] = ( ] = ( ] = .S A S A A A A AÈ G È

Hence = .S A  The converse statement is obvious. Then we can 
conclude that :

Theorem 2.7 : A right base A of a po- G -semigroup S is a left G -ideal of S if and 
only if = .A S  

Definition 2.3 : A po- G -semigroup S is said to be right singular if =x y yg  
for all ,x y SÎ  and .g ÎG  

In Example 2.2, it is observed that a right base of a po- G -semigroup 
is not necessary to be a G -subsemigroup of such po- G -semigroup. This 
leads to get the result of Theorem 2.8.

Theorem 2.8 : A right base A of a po- G -semigroup S is a G -subsemigroup of S 
if and only if A is right singular.

Proof : Assume that A is a G -subsemigroup of S. Let , ,a b AÎ  and let 
.g ÎG  By assumption, .a b Ag Î  Setting =a b cg  for some .c AÎ  Since 

= ( ],c a b S b S bg Î G Í G  by Lemma 2.3, we have = .c b  Thus = .a b bg  
Therefore A is right singular. The converse statement is clear.  

Let S be a po- G -semigroup and let .a ÎG  An element e of S is 
called a -idempotent of S if = .e e ea  Let ( )E Sa  denoted the set of all a
-idempotents of S. Let ( ) := ( ).E S E Sa aÎG

 By Theorem 2.8, we obtain the 
following corollary.

Corollary 2.9 : If a right base A of a po- G -semigroup S is a G -subsemigroup of 
S, then ( ) .E S ¹ Æ  

In Example 2.1 and Example 2.2, it is observed that the cardinality of 
right bases are the same. However, it turns out that this is true in general, 
and we will prove in Theorem 2.10.

Theorem 2.10 : The right bases of a po- G -semigroup S have the same cardinality.
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Proof : Let A and B be right bases of a po- G -semigroup S. Let .a AÎ  Since 
B is a right base of S, by Theorem 2.6(1), then there exists b BÎ  such that 

.La b£  Similarly, since A is a right base of S, there exists a AÎ¢  such that 
.Lb a£ ¢  So ,L La b a£ £ ¢  and .La a£ ¢  By Theorem 2.6(2), = .a a¢  Hence 

( ) = ( ).L a L b  Now, define a mapping 
: ; ( ) =A B a bj j®

for all .a AÎ  First, we will show that j  is well-defined, let 1 2,a a AÎ  
such that 1 2= ,a a  1 1( ) = ,a bj  and 2 2( ) = ,a bj  for some 1 2, .b b BÎ  Then 

1 1( ) = ( )L a L b  and 2 2( ) = ( ).L a L b  Since 1 2= ,a a  then 1 2( ) = ( ).L a L a  Hence 
1 2 1 2( ) = ( ) = ( ) = ( ).L a L a L b L b  We have 1 2Lb b£  and 2 1 ,Lb b£  and so 1 2=b b  

by Theorem 2.6(2). Thus 1 2( ) = ( ).a aj j  Therefore, j  is well-defined. Next, 
we will show that j  is one-to-one. Let 1 2,a a AÎ  such that 1 2( ) = ( ).a aj j  
Then 1 2( ) = ( ) =a a bj j  for some .b BÎ  We obtain 1 2( ) = ( ) = ( ).L a L a L b  Since 

1 2( ) = ( ),L a L a  so 1 2La a£  and 2 1.La a£  Hence 1 2= .a a  Therefore, j  is one-
to-one. Finally, we will show that j  is onto. Let ,b BÎ  then there exists 
a AÎ  such that .Lb a£  Similarly, there exists b BÎ¢  such that .La b£ ¢  Then 

,L Lb a b£ £ ¢  i.e., .Lb b£ ¢  By Theorem 2.6(2), we get = .b b¢  So ( ) ( )L b L aÍ  
and ( ) ( ).L a L bÍ  Thus ( ) = ( ).L a L b  Therefore, j  is onto. This completes the 
proof.  

Theorem 2.11 : Let A be a right base of a po- G -semigroup of S, and let .a AÎ  If 
( ) = ( )L a L b  for some b SÎ  such that ,a b¹  then b belongs to some right base of 

S which is different from A.

Proof : Assume that ( ) = ( )L a L b  for some b SÎ  such that .a b¹  Setting 
= ( \{ }) { },B A a bÈ  then .B A¹  We will show that B is a right base of S by 

using Theorem 2.6. Now, let .x SÎ  Since A is a right base of S, by Theorem 
2.6(1), Lx c£  for some .c AÎ  If ,c a¹  then .c BÎ  If = ,c a  then ( ) = ( ).L c L a  
Since ( ) = ( ),L a L b  we have ( ) = ( ),L c L b  i.e., .Lc b£  So .L Lx c b£ £  Thus 

Lx b£  where .b BÎ  Next, let 1 2,b b BÎ  such that 1 2 .b b¹  There are four 
cases to consider :

Case 1 : 1b b¹  and 2 .b b¹  Then 1 2, .b b AÎ  Since A is a right base of S, 
neither 1 2Lb b£  nor 2 1.Lb b£

Case 2 : 1b b¹  and 2 = .b b  Then 2( ) = ( ).L b L b  If 1 2 ,Lb b£  then 
1 2( ) ( ) = ( ) = ( ).L b L b L b L aÍ  Thus 1 Lb a£  where 1 , .b a AÎ  This is a 

contradiction. If 2 1 ,Lb b£  then 2 1( ) = ( ) = ( ) ( ).L a L b L b L bÍ  Thus 1La b£  
where 1 , .b a AÎ  This is a contradiction.



ON BASES OF PO-GAMMA-SEMIGROUPS 167

Case 3 : 1 =b b  and 2 .b b¹  Then 1( ) = ( ).L b L b  If 1 2 ,Lb b£  then 
1 2( ) = ( ) = ( ) ( ).L a L b L b L bÍ  Thus 2La b£  where 2 , .b a AÎ  This is a 

contradiction. If 2 1 ,Lb b£  then 2 1( ) ( ) = ( ) = ( ).L b L b L b L aÍ  Thus 2 Lb a£  
where 2 , .b a AÎ  This is a contradiction.

Case 4 : 1 =b b  and 2 = .b b  This is impossible.
Therefore, we can conclude that B is a right base of S which .B A¹  

Theorem 2.12 : Let C be the union of all right bases of a po- G -semigroup S. If 
\S C  is non-empty, then \S C  is a left G -ideal of S.

Proof : Assume that \ .S C ¹ Æ  We will show that \S C  is a left G
-ideal of S. First, let ,x SÎ  g ÎG  and \ .a S CÎ  To show that \ .x a S Cg Î  
Suppose that \ .x a S Cg Ï  Then .x a Cg Î  Thus x a Ag Î  for some a right 
base A of S. Let =x a bg  for some .b AÎ  Then = ( ],b x a S a a S ag Î G Í È G  
S bG Í ( ) =S S aG G ( )S S aG G Í S aG Í ( ].a S aÈ G  So ( ],b S b a S aÈ G Í È G  and 
( ] ( ].b S b a S aÈ G Í È G  Thus ( ) ( ).L b L aÍ  If ( ) = ( ),L b L a  by Theorem 2.11, we 
have .a CÎ  This is a contradiction. Hence ( ) ( ),L b L aÌ  i.e., < .Lb a  Since A is 
a right base of S, there exists b AÎ¢  such that .a b£ ¢  We have < ,L Lb a b£ ¢  
and Lb b£ ¢  where , .b b AÎ¢  This is a contradiction. Thus \ .x a S Cg Î  
Next, let \y S CÎ  and z SÎ  such that .z y£  We will show that \ .z S CÎ  
If ,z CÎ  then z BÎ  for some a right base B of S. Let c BÎ  such that .Ly c£  
Since ,z y£  by Lemma 2.5, we have .Lz y£  So Lz c£  where , .z c BÎ  This 
is a contradiction. Thus ,z CÏ  i.e., \ .z S CÎ  Therefore \S C  is a left G
-ideal of S.  

In Example 2.2, the right bases of S are = { , }A a c  and = { , }.B b c  We 
have set S eliminating the union of all right bases of S denoted by \S C  
and \ = { }S C d  is a left G -ideal of S, but it is not a maximal proper left 
G -ideal of S. In the following theorem we shall find the conditions for 
leading \S C  is a maximal proper left G -ideal of S.

Theorem 2.13 : Let C be the union of all right bases of a po- G -semigroup S. Then 
\S C  is a maximal proper left G -ideal of S if and only if C S¹  and ( )C L aÍ  

for all .a CÎ

Proof : Let \S C  be a maximal proper left G -ideal of S. Then .C S¹  Let 
.a CÎ  Suppose ( ).C L a  Then there exists b CÎ  such that ( ).b L aÏ  Since 
\ ,b S CÏ  and ,b SÎ  then ( \ ) ( ) .S C L a SÈ Ì  Thus ( \ ) ( )S C L aÈ  is a proper 

left G -ideal of S. Hence \ ( \ ) ( ).S C S C L aÍ È  This contradicts to the 
maximality of \ .S C  Therefore, ( )C L aÍ  for all .a CÎ
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Conversely, let C S¹  and ( )C L aÍ  for all .a CÎ  We obtain ,C SÌ  
\ .S C SÌ  Since \ ,S C ¹ Æ  by Theorem 2.12, \S C  is a proper left G -ideal 

of S. Let A be a left G -ideal of S such that \ .S C A SÍ Í  Suppose that 
\ .S C A¹  Since \ ,S C AÌ  then there exists x AÎ  such that \ ,x S CÏ  

i.e., .x CÎ  So .A CÇ ¹ Æ  Let .a A CÎ Ç  Then a AÎ  and .S a S A AG Í G Í  
So a S a AÈ G Í  and ( ] ( ] = .a S a A AÈ G Í  Since ( ) ,L a AÍ  ( ),C L aÍ  and 

\ ,S C AÌ  we have = ( \ )S S C È C AÍ È ( ) .L a A SÍ Í  Hence = .S A  
Therefore, \S C  is a maximal proper left G -ideal of S.  

Theorem 2.14 : Let C be the union of all right bases of a po- G -semigroup S such 
that .C SÆ ¹ Ì  If S contains a maximal left G -ideal which contains every proper 
left G -ideal of S, denoted by ,M*  then \ =S C M*  if and only if

(1) | |= 1A  for every right base A of S;
(2) one of the following conditions holds:
 (2.1) ( ] =S A SG  for every right base A of S;
 (2.2)  S contains only one right base = { }A a  with ( ]S a SG ¹  but ( ].a S aÏ G

Proof : Assume that \ = .S C M*  Then \S C  is a maximal proper left G
-ideal of S. By Theorem 2.13, ( )C L aÍ  for all .a CÎ  We will show that 

\ ( )S C L aÍ  for all .a CÎ  Suppose that \ ( )S C L a¢  for some .a CÎ¢  Then 
( ) ,L a SÌ¢  and ( )L a¢  is a proper left G -ideal of S. So ( ) = \ ,L a M S C*Í¢  

and hence \ .a S CÎ¢  This is a contradiction. Then \ ( )S C L aÍ  for all 
.a CÎ  By = ( \ ) ( )S S C C L a SÈ Í Í  for all ,a CÎ  it follows that ( ) =L a S  

for all .a CÎ  Therefore, { }a  is a right base of S for all .a CÎ  Let A be a right 
base of S, and let , .a b AÎ  Suppose that .a b¹  Since ,A CÍ  ,a CÎ  and 
so = ( ).S L a  Since a b¹  and = ( ],b S a S aÎ È G  then ( ].b S aÎ G  By Lemma 
2.3, = .a b  This is a contradiction. Thus =a b  and | |= 1.A  Therefore (1) 
holds. Next, we will show that (2.1) or (2.2) holds. Assume that (2.1) is 
false. Then there exists a right base = { }A a  of S such that ( ] .S a SG ¹  If 

( ]a S aÎ G  and ( ] (( ]] = ( ]a S a S aÍ G G  then ( ] = ( ] ( ] = ( ] = .S a a S a a S a SG È G È G  
This is a contradiction. Thus ( ].a S aÏ G  Let 1 1= { }A a  be a right base of S 
such that 1( ]S a SG ¹  and 1 1( ].a S aÏ G  Assume that 1.A A¹  We will show 
that 1 1{ } = ( ].a a  Suppose that 1\b S AÎ  such that 1b a£  where 1 1.a AÎ  
Since 1 ,b a£  by Lemma 2.5, 1.Lb a£  Then 1 1( ) ( ) = ( ).b L b L a L AÎ Í  So 

1 1\ ( ).S A L AÍ  We have 1 1( ),A L AÍ  then 1 1 1\ ( ) \ ( ).S L A S A L AÍ Í  This 
is a contradiction. Thus 1 1{ } = ( ].a a  Since 1 1 1 1= ( ] = ( ] ( ],a S a S a a S aÎ È G È G  
so 1( ].a S aÎ G  We obtain 1 ,A CÍ  \S C Í 1\ =S A 1 1 1( ]\{ } =a S a aÈ G

1 1 1( ] ( ]\{ } =a S a aÈ G 1( ] .S a SG Ì  So 1\ ( ].S C S aÍ G  Since ,a CÎ  \a S CÏ  
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and 1( ],a S aÎ G  we have 1\ ( ].S C S aÌ G  This contradicts to the maximality 
\ .S C  Thus 1= .A A  Therefore (2.2) holds.

Conversely, assume that (1) and (2.1) hold. We will show that 
\ = .S C M*  Since \ ,S C SÆ ¹ Ì  by Theorem 2.12, \S C  is a proper left 

G -ideal of S. Let B be a left G -ideal of S such that \ .S C B SÍ Í  Suppose 
that \ .S C B¹  Then \ ,S C BÌ  we have x BÎ  and \ ,x S CÏ  i.e., .x CÎ  So 

.B CÇ ¹ Æ  Let .a B CÎ Ç  Then a AÎ  for some a right base A of S. By (1), 
= { }.A a  By (2.1), ( ] = .S a SG  Since ,a BÎ  we have ( ] ( ] ( ].S a S B BG Í G Í  So 
= ( ] ( ] = .S S a B B SG Í Í  Thus = .B S  Hence \S C  is a maximal proper left 

G -ideal of S. Next, let M be a proper left G -ideal of S. Suppose \ .M S C  
Then there exists a MÎ  and \ .a S CÏ  We obtain ,S a S MG Í G  and so 
( ] ( ] ( ] = .S a S M M M SG Í G Í Ì  Since \ ,a S CÏ  ,a CÎ  so a AÎ  for some a 
right base A of S. By (1), = { }.A a  By (2.1), ( ] = .S a SG  This is a contradiction. 
Hence \ .M S CÍ  Therefore \ = .S C M*

Finally, we assume that (1) and (2.2) hold. By (1), every right base of 
S has only one element. By (2.2), S contains only one right base = { }A a  
with ( ]S a SG ¹  but ( ].a S aÏ G  We have = = { }.C A a  Thus \ = \ .S A S C ¹ Æ  
By Theorem 2.12, \S C  is a proper left G -ideal of S. Let B be a left G
-ideal of S such that \ .S C B SÍ Í  Suppose that \ .S C B¹  Then \ .S C BÌ  
So .C BÇ ¹ Æ  Let .a C BÎ Ç  Then = ( ]S a S aÈ G Í ( ]B S BÈ G Í ( ] = .B B SÍ  
We have = .S B  Hence \S C  is a maximal proper left G -ideal of S. Let M 
be a proper left G -ideal of S. If \ ,M S CÍ  then exists a MÎ  such that 

\ .a S CÏ  So = ( ]S a S aÈ G ( ]M S MÍ È G ( ] = .M M SÍ Í  Thus = .S M  This 
is a contradiction. Hence \ .M S CÍ  Therefore, \ = .S C M*  

3. Conclusion and Discussion

In this paper, we prove that a non-empty subset A of a po- G
-semigroup S is a right base of S if and only if A satisfies the following two 
conditions for any x SÎ  there exists a AÎ  such that ,Lx a£  and for any 
two distinct elements ,a b AÎ  neither La b£  nor .Lb a£  Also, we prove 
the right bases of a po- G -semigroup S have the same cardinality. Finally, 
let C be the union of all right bases of a po- G -semigroup S, we prove that 
if \S C  is non-empty, then \S C  is a left G -ideal of S.

References 

[1] T. Changphas and P. Kummon, On left and right bases of a G
-semigroup, Int. J. Pure Appl. Math. 118(1) (2018), 125-135.



170 W. JANTANAN, N. TRIHERA, N. RAIKHAM, R. CHINRAM AND P. PETCHKAEW

[2] I. Fabrici, One-sided bases of semigroups, Matematicky Casop. 22(4) 
(1972), 286-290 .

[3] K. Hila, Bands of weakly r-archimedean ordered G -semigroups, Int. 
Math. Forum 3(22) (2008), 1069-1086.

[4] K. Hila and E. Pisha, Characterizations on ordered G -semigroup, Int. 
J. Pure Appl. Math. 28(3) (2006), 423-439.

[5] M.K. Sen, On G -semigroups, Proceedings of the International 
conference on Algebra and its application. Decker Publication. New 
York. 91 (1981), 301-308.

[6] M.K. Sen and A. Seth, On po- G -semigroups, Bull. Calcutta Math. Soc. 
85(5) (1993), 445-450.

[7] P. Suebsan, On relative fuzzy soft sets over some semigroups in 
decision-making problems, J. Discrete Math. Sci. Crypt. 24(1) (2021) , 
209-222, DOI: 10.1080/09720529.2020.1845466.

[8] V.B. Subrahmanyeswara Rao Seetamraju and A. Anjaneyulu, Po- G
-ideals in po- G -semigroups, IOSR J. Math. 1(6) (2012), 39-50.

[9] T.Tamura, One sided-bases and translation of a semigroup, Math. 
Japan. 3 (1955), 137-141.

  Received March, 2021
  Revised July, 2021


