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Abstract

The concepts of left and right bases of T" -semigroups were introduced by Changphas
and Kummoon. In this paper, we introduce the concepts of the left and right bases of po-T"

-semigroups and extend the results in I" -semigroups to po-I" -semigroups. We focus on
the structure of po-I' -semigroups containing the right bases. In addition, we prove that all
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of the right bases of a po-I" -semigroup have the same cardinality and conclude that a non-
empty po-I' -semigroup eliminating the union of its all right bases is a left I" -ideal of such
po-T' -semigroup.

Subject Classification: (2010) 20M99.
Keywords: Po-T-semigroups, Left (right) T-ideals, Left (right) bases.

1. Introduction

The concept of semigroups is the one of the algebraic structures which
was widely studied. There are many generalizations, for example, I"
-semigroup, ordered semigroups, ternary semigroups, etc. Furthermore,
semigroup theories were also applied in decision making [7]. In 1955,
Tamura [9] introduced the notion of a right (left) base of semigroups as
follows:

Definition1.1: Anon-empty subset A of a semigroup Sis called aright (left)
base of S if it satisfies the following two conditions: S = AUSA(S = AU AS)
and if B is a subset of A such that S=BUSB(S=BuUBS) then B=A.

Later, Fabrici [2] examined the structure of semigroups containing
the right bases. Recently, Changphas and Kummoon [1] introduced the
notion of the left and right bases of I'-semigroups.

In this paper, we introduce the concepts of left and right bases of
po-T' -semigroups and extend the results in I'-semigroups to po-T’
-semigroups. First of all, we provide some definitions notations and
results which will be used for this paper.

Sen [5] defined I' -semigroups as a generalization of semigroups as
follows:

Definition 1.2 : Let Sand I" be any two non-empty sets. Then S is called a
I'-semigroup if there is a mapping from SxTI' xS into S, writtenas (a,, b)
by aab, such that (ayb)Bc=ay(pc) forall a,b,ceS andall o, S eT.

Sen and Seth [6] introduced the concept of po-T'-semigroups as
follows:

Definition 1.3 : A I -semigroup S is called a po-I'-semigroup (ordered
I'-semigroup) if there is a relation < on S such that x<y implies
xyz<yyz and zyx <zyy forall x,y,z€S and y eT.
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Throughout this paper, S stands for a po-TI' -semigroup. For non-
empty subsets A and B of S, the set product AT'B of A and B, and the
subset (A] of S are defined by :

ATB={ayblac A,be Band y €T},

and

(Al={xeS|x <y for somey e A}.

For aeS, we write aI'B, Bla instead of {a}I'B, BI'{a} and for
A ={x}, we write (x] instead of ({x}].

Definition 1.4 : A non-empty subset A of S is called a I'-subsemigroup of
Sif ATAc A or aybe A forall a,be A and y eT.

Definition 1.5 : A non-empty subset A of S is called a left (resp. right)
I'-ideal of Sif STAc A (resp. ATSc A) and if ae A and be S such that
b<a then be A.

Definition 1.6 : A left I"-ideal A of S is called proper if A#S. A proper
left I" -ideal B of S is called maximal if for any left I"-ideal A of S such that
Bc A implies B=A or A=S.

Lemma 1.1: [4] Let S be a po-T -semigroup and {A, |i €I} a non-empty family
of left T -ideals of S, then the following statements hold :

(1) If n{A, liel}#D, then theset N {A, |iel} isaleft T -ideal of S.
(2) Theset U{A, |iel} isaleft T -ideal of S.

The intersection of all left I"-ideals of a po-T -semigroup S, if it is
non-empty, is a left I" -ideal of S. Thus, for a non-empty subset A of S, the
intersection of all left I"-ideals of S containing A, denoted by L(A), is a left
I' -ideal of S containing A, and it is of the form

L(A) = (AUSTA]

In particular, for an element a€ S, we write L(a) instead of L({a})
which is called the principal left T-ideal of S generated by a. Thus

L(a)=(aw SIal.

Lemma 1.2 : Let S be a po-T" -semigroup. Then the following statements hold:
(1) Ac(A] forany AcCS.
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(2) If AcBcS, then (Al < (Bl

(3) (AI['(B] < (AI'B] for all subsets A and B of S.

(4) ((All=(A] forall AcS.

(6) For every left T -ideal T of S, (T]=T.

(6) (STa] is aleft T -ideal of S for every a € S.

(7) (AUB]=(A]V(B] for all subsets A and B of S.

(8) If A and B are left T -ideals of S, then AUB is a left T -ideal of S.

2. Main Results

We begin this section with the definition of a right base of a
po-T' -semigroup as follows:

Definition 2.1: Let S be a po-I" -semigroup. A non-empty subset A of S is
called a right base of S if it satisfies the following two conditions :

(i) S=(AuUSTA4], ie. S=L(A);
(ii) if B is a subset of A such that S= L(B), then B = A.

For a left base of S defined dually.

Example2.1:Let S={a,b,c,d} and T = {y} with the multiplication defined

by
Y a b c d
a a a a a
b a b b b
c a c c c
d a d d d

and <={(a,a),(b,b),(c,c),(d,d),(b,a),(c,a),(d,a)}.

Then S is a po- T -semigroup [8]. The right bases of S are A={a}, B={b},
C={c} and D ={d}. The left bases of S are the same as the right bases of S.

Example2.2:Let S={a,b,c,d} and T = {y} with the multiplication defined
by
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and <={(a,a),(b,b),(c,c),(d,d),(a,b),(d,b),(d,c)}.
Then S is a po-T"-semigroup [8]. The right bases of S are A ={a,c}
and B ={b,c}. The left bases of S are the same as the right bases of S.

Lemma 2.3 : Let A be a right base of a po-T -semigroup S and let a,be A. If
a e (STb], then a=0b.

Proof : Assume that a,be A such that ae(SI'b], and suppose that
a#b. Let B=A\{a}, then Bc A. Since a#b, we obtain be B. We will
show that L(A)c L(B). Let xe L(A)=(AUSI'A]. Then x<z for some
ze AUSTA. Let ze A. If z#a, then ze Bc(BUSI'A]. Since x<z
and ze(BUSIB], then xe((BUSI'B]]=(BUSI'B]. So xe L(B). If z=a,
then by assumption, we have z=a¢e (SI'B]c (BUSI'B]. Since x <z and
z€(BUSI'B], then xe((BUSI'B]]=(BUSI'B]. So xeL(B). Next, let
zeSI'A, then z=syc for some s€S, yel and ce A. If c=a, then
z=sya e ST'(SI'b] = (SII'(ST'b] < (ST(ST'h)] < (STh] < (BUSTB]. Since x <z
and ze(BUSI'B]. We obtain x e ((BUSI'B]]=(BUSI'B]. So x e L(B).
If c#a, then z=syce STBc (BUSI'B]. Since x<z and ze(BUSIB],
thus xe((BUSIB]]=(BUSI'B]. So xeL(B). Hence L(A)cL(B). By
S=L(A)c L(B)c S, it follows that L(B)=S. This is a contradiction.
Therefore, a=b. O

Definition 2.2 : Let S be a po-I" -semigroup. Define a quasi-order on S by,
forany a,beS,

a<, b L(a) c L(b).

The symbol a <, b stands for a<, b but a#b.
The following example shows that <, is not a partial order in general.

Example 2.4 : By Example 2.1, we have L(b)cL(c) ie, b<, ¢ and
L(c) 2 L(b) i.e., c<, b but b#c. Hence <, is not a partial order.

Lemma 2.5: Let S be a po-T -semigroup. For any a,be S, if a<b, then a<, b.
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Proof : Let a,beS such that a<b. We will show that a <, b, ie,
L(a) c L(b). Suppose that x € L(a). Since x € (4 SI'a], then x <y for some
yeauSla. Wehave y=a or yeSla. If y=a, then x <a<b. We obtain
x <b forsome be (buSTb]. So x € (bwSTb]]=(buSIb]. Thus x € L(b). If
y€Sla, then y=sya for some se€S, yel. Since a<b, then sya<syb
and sybeSI'bc (buSI't]. Hence y=syae((buwSIb]]=(buSIb]. Since
x<y and ye(buUSTb], we get xe((buSI'b]]=(buUSIb]. Thus x e L(b).
Therefore, L(a) c L(b), ie., a<, b. O

Nevertheless, the converse of Lemma 2.5 is not true in general. By
Example 2.1, we have L(a) c L(b) i.e., a<, b but a £ b.

Theorem 2.6 : A non-empty subset A of a po-T -semigroup S is a right base of S
if and only if A satisfies the following two conditions :

(1) forany x €S there exists ae A such that x <, a;

(2) for any two distinct elements a,be A neither a<, b nor b<, a.

Proof : Assume that A is a right base of S. Then S=L(A). Let xS, then
x € (AUST'A] Since x € (AUST'A], we have x <y for some y € AUSTA.
Thus yeA or yeST'A. If ye A and x<y, then x< y by Lemma
25. If yeST'A, then y=sya for some s€S, yel' and ae A. Since
yeSac (auSla]l and ST'y ¢ SI'(ST'a)= (ST'S)I'ac STac (auSTal, we
obtain yuSTy c(@auSlral So, (yuST'ylc ((awSTall=(auSTal. Thus
L(y)c L(a), ie., y<, a. Since x<y, we have x< y. So x<, y< a by
Lemma 2.5. Thus x <, a. Hence the condition (1) holds. Let a,be A such
that a #b. Suppose a<, b. We set B= A\{a}. Then beB. Let x€§, by
(1), there exists ce A such that x <, c. Since ce A, there are two cases
to consider. If c =4, then x <, b. So x € L(x) ¢ L(b) c L(B). Thus S=L(B).
This is a contradiction. If ¢ #a, then ce€ B. Hence x € L(x) ¢ L(c) c L(B).
So S =L(B). This is a contradiction. The case b <, a canbe proved similarly.
Hence the condition (2) holds.

Conversely, assume that the conditions (1) and (2) hold. We will show
that S=L(A). Let xe§, by (1), there exists ae A such that x<, a4, ie.
L(x)c L(a). Then x e L(x)c L(a)c L(A). Thus Sc L(A), and S=L(A).
Next, we will show that A is a minimal subset of S with the property
S=L(A). Let Bc A such that S=L(B). Then there exists a€ A and a ¢ B.
Since ae Ac S=(BUSI'B]=(B]U(ST'B]. If ae(B], then a<y for some
y € B, by Lemma 2.5, we obtain a <, y. Thisisa contradiction. Thus a ¢ (B],
and a € (SI'B]. Since a € (SI'B], we have a < ¢ for some c € ST'B. Let ¢ =syb
for some se€S, yeI and beB. Since a<c and c=sybe SI'b c buST'h.
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Then ae (b STD], so STac ST (buSTb]= (SIT(bwSTh] < (ST (buw STD)] =
(SThuST(STh)] = (STbu (STS)Tb] < (SThu STh] < (bW STh). Thus
auSTac (buSTh], and (auSTalc((buSTh]]=(buUSTH]. Hence
L(a) c L(D), i.e., a<, b. This is a contradiction. Therefore, A is a right base
of S.

If a right base A of a po-T"-semigroup S is a left I"-ideal of S, then

S=(AUSTA]= (AU A]=(A] = A.

Hence S=A. The converse statement is obvious. Then we can
conclude that :

Theorem 2.7 : A right base A of a po-T -semigroup S is a left T -ideal of S if and
only if A=S.

Definition 2.3 : A po-T"-semigroup S is said to be right singular if xyy =y
forall x,yeS and y eT.

In Example 2.2, it is observed that a right base of a po-I"-semigroup
is not necessary to be a I' -subsemigroup of such po-TI"-semigroup. This
leads to get the result of Theorem 2.8.

Theorem 2.8 : A right base A of a po-T' -semigroup S is a T -subsemigroup of S
if and only if A is right singular.

Proof : Assume that A is a I' -subsemigroup of S. Let a,be A, and let
y €I'. By assumption, aybe A. Setting ayb=c for some ce A. Since
c=aybeSI'bc (SI'b], by Lemma 2.3, we have c=b. Thus ayb=»0.
Therefore A is right singular. The converse statement is clear. O

Let S be a po-TI'-semigroup and let o €I'. An element e of S is
called ¢ -idempotent of S if ece =e. Let E_(S) denoted the set of all «
-idempotents of S. Let E(S):=U,E,(S). By Theorem 2.8, we obtain the
following corollary.

Corollary 2.9 : If a right base A of a po-T" -semigroup S is a T" -subsemigroup of
S, then E(S) # Q.

In Example 2.1 and Example 2.2, it is observed that the cardinality of
right bases are the same. However, it turns out that this is true in general,
and we will prove in Theorem 2.10.

Theorem 2.10 : The right bases of a po- I -semigroup S have the same cardinality.
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Proof : Let A and B be right bases of a po-I'" -semigroup S. Let a € A. Since
B is a right base of S, by Theorem 2.6(1), then there exists b€ B such that
a <, b. Similarly, since A is a right base of S, there exists a” € A such that
b<,a’. So a< b< a’, and a< a’. By Theorem 2.6(2), a=a’. Hence
L(a) = L(b). Now, define a mapping

9:A—>B;pa)=b

for all ae A. First, we will show that ¢ is well-defined, let a,,a, € A
such that a, =a,, ¢(a))=0b, and ¢(a,)=0b,, for some b,,b, € B. Then
L(a,)=L(b,) and L(a,)=L(b,). Since a, =a,, then L(a)=L(a,). Hence
L(a,) = L(a,) = L(b,) = L(b,). We have b, <, b, and b, <, b, and so b, =D,
by Theorem 2.6(2). Thus ¢(a,) = ¢(a,). Therefore, ¢ is well-defined. Next,
we will show that ¢ is one-to-one. Let a,,a, € A such that ¢(a,) = ¢(a,).
Then ¢(a,) = ¢(a,)=b for some b e B. We obtain L(a,) = L(a,) = L(b). Since
L(a,) = L(a,), so a, <, a, and a, <, a,. Hence a, =a,. Therefore, ¢ is one-
to-one. Finally, we will show that ¢ is onto. Let be B, then there exists
ae A suchthat b <, a. Similarly, there exists b” € B such that a <, b". Then
b<, a<, b, ie, b<, b’. By Theorem 2.6(2), we get b="b". So L(b) < L(a)
and L(a) c L(b). Thus L(a) = L(b). Therefore, ¢ is onto. This completes the
proof. O

Theorem 2.11 : Let A be a right base of a po-T" -semigroup of S, and let a € A. If
L(a) = L(b) for some be S such that a#b, then b belongs to some right base of
S which is different from A.

Proof : Assume that L(a)=L(b) for some beS such that a#b. Setting
B=(A\{a})u{b}, then B # A. We will show that B is a right base of S by
using Theorem 2.6. Now, let x € S. Since A is a right base of S, by Theorem
2.6(1), x<, c forsome ce A. If c #a, then ceB. If c =4, then L(c) = L(a).
Since L(a)=L(b), we have L(c)=L(b), ie, c<, b. So x<, c<, b. Thus
x <, b where beB. Next, let b,b, € B such that b, #b,. There are four
cases to consider :

Case1: b, #b and b, #b. Then b ,b, € A. Since A is a right base of S,

neither b, <, b, nor b, <, b,.

Case 2 : b #b and b,=b. Then L(b,)=L(b). If b < b, then

L 727
L(b,) c L(b,) = L(b) = L(a). Thus b < a where b,aeA. This is a
contradiction. If b, < b, then L(a)=L(b)=L(b,)c L(b). Thus a<, b,
where b ,a € A. This is a contradiction.
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Case 3 : b =b and b,#b. Then L(b)=L({). If b < b, then

L 727
L(a)=L(b)=L(b;) c L(b,). Thus a< b, where b,,acA. This is a

—L "2
contradiction. If b, <, b, then L(b,) < L(b,)=L(b)=L(a). Thus b, < a
where b,,a € A. This is a contradiction.

Case4: b, =b and b, = b. This is impossible.
Therefore, we can conclude that B is a right base of S which B= A. OO

Theorem 2.12 : Let C be the union of all right bases of a po-T" -semigroup S. If
S\C is non-empty, then S\C is a left T -ideal of S.

Proof : Assume that S\C=@. We will show that S\C is a left T’
-ideal of S. First, let xe€S, y €' and ae S\C. To show that xyae S\C.
Suppose that xya ¢ S\C. Then xyaeC. Thus xyae A for some a right
base A of S. Let xya="b for some be A. Then b=xyaeSTac (auSla],
ST'b < SI'(STa) = (ST'S)lac STac (awSTal. So buSI'bc (auSTal, and
(buSIb] c (auSTal. Thus L(b) c L(a). If L(b) = L(a), by Theorem 2.11, we
have a € C. Thisis a contradiction. Hence L(b) c L(a), i.e., b <, a. Since Ais
aright base of S, there exists b” € A such that a<b’. Wehave b<, a<, b/,
and b<, b" where b,b’e A. This is a contradiction. Thus xyaeS\C.
Next, let y € S\C and z €S such that z < y. We will show that ze S\ C.
If zeC, then ze B for some arightbase Bof S. Let c € B suchthat y <, c.
Since z <y, by Lemma 2.5, we have z<, y. So z<, ¢ where z,c e B. This
is a contradiction. Thus z¢C, i.e., ze S\C. Therefore S\C is aleft T
-ideal of S. O

In Example 2.2, the right bases of S are A={a,c} and B={b,c}. We
have set S eliminating the union of all right bases of S denoted by S\C
and S\C={d} is a left I"-ideal of S, but it is not a maximal proper left
I' -ideal of S. In the following theorem we shall find the conditions for
leading S\ C is a maximal proper left I"-ideal of S.

Theorem 2.13 : Let C be the union of all right bases of a po-T" -semigroup S. Then
S\C is a maximal proper left T -ideal of S if and only if C#S and C c L(a)
forall aeC.

Proof : Let S\C be a maximal proper left I"-ideal of S. Then C#S. Let
aeC. Suppose C ¢ L(a). Then there exists b e C such that b e L(a). Since
be S\C, and be S, then (S\C)uUL(a)cS. Thus (S\C)u L(a) is a proper
left T'-ideal of S. Hence S\C c (S\C)uUL(a). This contradicts to the
maximality of S\C. Therefore, C < L(a) forall aeC.
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Conversely, let C#S and C c L(a) for all aeC. We obtain Cc S,
S\CcS. Since S\C =, by Theorem 2.12, S\ C is a proper left I" -ideal
of S. Let A be a left I'"-ideal of S such that S\Cc Ac S. Suppose that
S\C=A. Since S\Cc A, then there exists x € A such that x¢S\C,
ie., xeC. So ANC#3. Let aue ANC. Then ae A and STuc STA c A.
So auSlac A and (auSTalc (A]l=A. Since L(a)c A, Cc L(a), and
S\Cc A, we have S=(S\CQ) U Cc AU L@ cAcS. Hence S=A.
Therefore, S\C is a maximal proper left I"-ideal of S. O

Theorem 2.14 : Let C be the union of all right bases of a po-I" -semigroup S such
that @ # C c S. If S contains a maximal left T -ideal which contains every proper
left T -ideal of S, denoted by M", then S\C = M" if and only if

(1) |Al=1 for every right base A of S;
(2) one of the following conditions holds:
(2.1) (STA]=S for every right base A of S;
(2.2) S contains only one right base A ={a} with (STa]l# S but a ¢ (STal.

Proof : Assume that S\C=M". Then S\C is a maximal proper left T’
-ideal of S. By Theorem 2.13, C < L(a) for all aeC. We will show that
S\C c L(a) forall aeC. Suppose that S\C ¢ L(a") for some a’ € C. Then
L(@’)c S, and L(a’) is a proper left T -ideal of S. So L(a")c M"=S\C,
and hence a’e€ S\C. This is a contradiction. Then S\C c L(a) for all
aeC. By S=(S\C)uCcL(a)cS for all aeC, it follows that L(a)=S
forall a € C. Therefore, {a} isarightbase of S forall a e C. Let A be aright
base of S, and let a,b e A. Suppose that azb. Since AcC, aeC, and
so S=L(a). Since a#b and beS=(auSla], then be(STa]. By Lemma
2.3, a=b. This is a contradiction. Thus a=b and |A|=1. Therefore (1)
holds. Next, we will show that (2.1) or (2.2) holds. Assume that (2.1) is
false. Then there exists a right base A={a} of S such that (ST'a]#S. If
ae(STa]l and (a] < ((STa]]=(ST'a] then (STa]=(a]u(STal=(awSla]l=S.
This is a contradiction. Thus a & (ST'a]. Let A, ={a,} be a right base of S
such that (ST'a,]# S and a, ¢ (ST'a,]. Assume that A # A,. We will show
that {a,} =(a,]. Suppose that be S\ A, such that b<a, where a, €A,.
Since b<a, by Lemma 25, b<, a,. Then beL(b)c L(a,)=L(A,). So
S\A, cL(A). We have A, c L(A)), then S\L(A)c S\ A, c L(A,). This
is a contradiction. Thus {a,} =(a,]. Since ae S=(a, USI'a,]=(a,]U(SIa ],
so ae(Sla]. We obtain A cC, S\Cc S\A =(a,uSTa]\{a}=
(a,]Ju(STa,I\{a,} = (STa,]=S. So S\Cc(STa,]. Since aeC, agS\C
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and a € (STa,], we have S\C c (SI'a,]. This contradicts to the maximality
S\C. Thus A= A,. Therefore (2.2) holds.

Conversely, assume that (1) and (2.1) hold. We will show that
S\C=M". Since D#S\CcS, by Theorem 2.12, S\C is a proper left
I' -ideal of S. Let B be a left I"-ideal of S such that S\C c Bc S. Suppose
that S\C #B. Then S\Cc B, wehave xeB and x¢S\C, i.e., xeC. So
BNC#@. Let ae BNC. Then ae A for some a right base A of S. By (1),
A={a}. By (2.1), (STa]=S. Since ae B, we have (SI'a] < (SI'B] c (B]. So
S=(STa]c (B]=Bc S. Thus B=S. Hence S\C is a maximal proper left
I -ideal of S. Next, let M be a proper left T -ideal of S. Suppose M ¢ S\C.
Then there exists ae M and a¢ S\C. We obtain ST'a c STM, and so
(STalc (STM]c (M]=M c S. Since a¢ S\C, aeC, so a€ A for some a
right base A of S. By (1), A={a}. By (2.1), (ST'a] = S. This is a contradiction.
Hence M c S\C. Therefore S\C=M".

Finally, we assume that (1) and (2.2) hold. By (1), every right base of
S has only one element. By (2.2), S contains only one right base A = {a}
with (STa] #S but a ¢ (ST'a]l. We have C= A ={a}. Thus SN\A=S\C=J.
By Theorem 2.12, S\C is a proper left I"-ideal of S. Let B be a left "
-ideal of S such that S\C < B ¢ S. Suppose that S\C # B. Then S\C c B.
So CNnB#@. Let aeCnB. Then S=(auSTalc (BUSI'B]c (B]=BcS.
We have S=B. Hence S\C is a maximal proper left I -ideal of S. Let M
be a proper left T"-ideal of S. If M & S\C, then exists a€ M such that
a¢S\C. So S=(auSlal c(MUSITM] c(M]=M c S. Thus S= M. This
is a contradiction. Hence M < S\ C. Therefore, S\C=M".

3. Conclusion and Discussion

In this paper, we prove that a non-empty subset A of a po-T’
-semigroup S is a right base of S if and only if A satisfies the following two
conditions for any x € S there exists € A such that x <, 4, and for any
two distinct elements a,b e A neither a<, b nor b<, a. Also, we prove
the right bases of a po-TI"-semigroup S have the same cardinality. Finally,
let C be the union of all right bases of a po-TI' -semigroup S, we prove that
if S\C is non-empty, then S\ C is aleft I"-ideal of S.
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